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THE 

ELEMENTS- 

Of Plain and Spherical 

TRIGONOMETRY. 



DEFINITIONS, 

] WE Sufinefi of Trigonometry is 
to find the Angles, when the Sides 
are given, and the Sides, or the 
Ratio's of the Sides, when the 
jingles are given, and to find 
Sides and Angles, when Sides 
* and Angles are given : In order 
to which, it is neceff/iry that not only the Peru 
pheries of Circles, but alfo certain Rk,ht Lines 
in and about Circles be fttppofed divided into 
fame determined Number of Parts. 

And fo the Ancient Mathematicians thought 

fit to divide the Periphery of a Circle into %6q 

Parts t which they caS Degrees; ) and every 

A a &£'« 
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Degree into 60 Minutes, and every Minute into 
0o Seconds : And again, every Second into 6a 
Thirds, and fo on, And every Angle fa [aid ttk v 
be of fucb a Number of. Degrees and Minute s[ 
as there are in the Aro meafurang that Angle*. 

There are fome that would have a Degree* 
divided into centefimai Parts> rather than fexa^ 
gefimal ones : And it would perhaps be more ufe- 
ful to divide^ not only a Degree, but even the. 
whoh Circle in a decuple Ratio ; which Divifu 
on, may fome time or other gain Place. - • Now* i 
if a Circle contain 360 pegreet 7 & Quadrant 1 
thereof, which is the Meafureof a Right Angle, 
will be '90 of tbofe; Parts: Anil If it Contains 
ico tarts, a quadrant will be 25 of thefe 
Parts. 

The Complement of an Arc it the Differ* 
ence thereof from a Quadrant. 

A L,hord, or Subtenfe, is a Right Line drawn 
from one End of the Arc to the other. 

The Right Sine of any Arc, which alfo is 
commonly called only a Sine, is a Perpendicular 
falling from one End of an Arc, to the Radius 
down thro' the other End of the faid Arc. And 
ts therefore the Semifubtenfe of double the Arc, 
viz. D E=i D 0, and the A/d D is double 
of the Arc D B. Bence', the Sine of an Arc of 
30 Degrees, is equal to tie one half of the Ra«. 
dius. For (by 15. El a.) the Side of an. Hexa- 
gon infer ibed in a Circle, that is, the Subtenfe 
of 60 Degrees, is equal to the Radius. A Sim 
divides the Radius .into two Segments CE, J5 B; 
one of which, CE, which is intercepted between 
the Center, and the Right Sine, is the Sine Com- 
| lenient of the Arc D B to a Quadrant, (for 
■' - CM 



Plain Trigonometry. e 

C£=FD which is the, Sine of the Arc D H,) 
and is called the Cofine. The other Segment 
B £, which is, Jittircepted between the Right 
Sine and the Periphery \ is called a Verfed Sine, 
and fwetifflf a Sagitta. . . . ... '* / ' 

• ; And if the Right Line XJti he produced from 
the Center C, thro" one End H of. the' Arc, until 
h meets the Right Line BG, which is perpen- 
dicular to the Diameter drawn thro' the. other 
En&yfi of the Arc, then CG is called the Se- 
cant, and 3 G the Tangent of the Arc D B. 
\pThe Cofecant and Cotangent of an Arc is the 
"SteaMt. or Tangent of that Arc, which Is the * 

Complement of the former Arc to a £uadrant* 
Note, As the Chord of an Arc, and of it's Com- 
plement to a Circle, is the fame \fo I ike wife is 
the Sine, Tafigeh^ and Secant of an Arc the fame, 
as the Sine, Tangent, and Secant of-the Complex 
ment to a Semicircle. , --. 

The Sinus Totus is the griateft Sine, or the 
Sine of 90 Degrees, which is equal to the Ra- 
dius of the Circle. . 

A Trigonometrical CahoU is a Table, which, 
beginning from one Minute, orderly expreffes the 
Lengths that every Sine; Tangent, and Secant* 
have in refpett of the Radius, which is fuppo- 
fed Vnity ; and is conceived to be divided into 
10,000,000, or more decimal Parts. And fa 
the Sine)' Tangent, or Secant of any Arc, my 
ie had by help of this Table ; and contrariwise, 
a Sine, 'Tangent, or Secant, being given, we may 
find the Arc it expreffes. Take Notice, That 
in the following Trail, R fignifies the Radius, 
S a Sine, Cof. a Cofwe % T a Tangent , anfi Cot. 
"aCotangent, 

The 
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The Construction of the Tri- 
gonometrical Canon* 

PROPOSITION I. 

THEOREM. 

the two Sides of any Right-angled Triangle 
being given, the other Side is alfo given. 

O R ( by 47 of the firft Element ) 
ACq=ABq-f-BCqandACq 
— B C q = A B q. and interchange. 

ably A C q — A B q = B C q. 

Whence, by the Extraction of the fquare 
Root, there is given AC = i/ A B q -f B C q 
and_AB=v[A_C q — b C q. AndBC= 
• ACq — ABq. 

PROPOSITION II. 

PROBLEM. 

The Sine HE of the Arc D B, and the Radius 
C 2>, being given? to find the Ofine D F. 

TH E Radius C D and the Sine D E, be- 
ing given in the Right-angled Triangle 
CDE, t here will be given (by the laft Prof.) 

CE=^CDq— DEq=DF. 

PROP 
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PROPOSITION IIL 
PROBLEM. 

The Sine DE of any Arc D B being given, to 
find BMorBMthe Sine of half the Arc. 

D E being given, C E (by the laft Prop.) 
will be given, and accordingly E B which is 
the Difference between the Cofine and Radi- 
us. Therefore D E, E B, being given in the 
Right-angled Triangle DBE, there will be 
given D B, whofe half D M is the Sine of 
the Arc D L= £ the Arc B D. 

PROPOSITION IV. 

PROBLEM. 

The Sine B M of the Arc B L being given^ to 
find the Sine of double that Arc. 

THE Sine B M being given, there will 
be given (by Prop. 2.) the Cofine C M. 
But the Triangles CBM, DBE, are equi- 
angular, becaufe the Angles at E and M are 
Right Angles, and the Angle at B common. 
Wherefore ( by 4. 6.) we have C B: CM:: 
B D, or 2 B M : D E. Whence, fince the 
three firft Terms of this Analogy are given, 
the fourth alfo, which is the Sine of the Arc 
D B, will be known. 

Corott. Hence, CB: aCM::BD: 2DE, 
that is, the Radius is to double the Cofine 

of 
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of one half of the Arc D B, as the Sub- 
• tehle of the Arc D B, is to the Subtenfe 
of double ,tha vAre. Alfo C B : i C M : : 
(2BM: 2DE::)BM:DE::iCB: 
CM. Wherefore the Sine of any- Arc*] 
and the Sine of it's Double being given, the. 
Cofine of the Arc it felf is given* 

• * 

PRO POSITION V. 

• ». - • 

Tb& Sines ef ttfi Art* # J>j FI>, Muggtvt*,-. 
tvfinxl II the Sim tf tte Sum, 4$ fikewife * 
the Sim vf Pheir 'Difference. 






LET the Radius C D be drawn, and then 
"COm the Cofine of the Arc F D, which • 
accordingly js given, and draw O P thro* O 
parallel to D K. Alfo let O M, G E, be 
drawn parallel to C B, Then hecaufe the 
* Triangles CDK, C OP r C.HI, F O H, 
FOM, "are equiangular. In the firft Place, 

-, CD : DK : : CO : OP, which Confequenu 

' ly is known. Alfo . we have C; D : C £ : : 

" p ; F M, andTo ltkcwife this iball be known. 

: But bccaufe .F 02=% 0,/then will F M = 

M'G £~ O'H. And fo 6 P rf F M = F 1= 

' Sine of the' Sum of th* Arcs : And OP — 

FM,thatis,OP — ON = EL = Sineof 

the Deference of the Arcs* W.W.D. • 

Corott. Becaufe the Differences of the Afci 
B E, B D, B F, arc equal, the Arc B D (hall 
be an Arithmetical Mean between the Aces 
u JS E, B & • < «. ~ 



< > •_.* rm 
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PROPOSITION VI. 

*?le fame Things being fnppofedj Radius is t'i 
double theCofine of the mean Arenas the Sine 
. of the Difference, to the Difference of the 
Sines of the Extremes. 

FO R we Hare C D : CK : I FO : FM; 
whence by doubling the Cdnfequent? 
CD: 2CK: :FOi 2FM, or to FGj 
which is the Difference of the Sines E L, 
FI. W.W.D. 

- - - » • • • 

Corott. If the Arc B D be 6b Degrees, the 

Difference of the Sines F I, EL, flhafl be 

' tequal to F O the Sine of the DiftanCe; 

* For in this Cafe,, C K, is the Sine of. 3d 
Degrees, Double thereof being equal to Ra- 
dius ; and fo fince C D=: 2 C K, we (hall, 
have F O = F G. And Confequehtly, if 
the two Arcs BE, B F, are Equidiftant 
from the Arc of 60 Degrees, the Different 
of the Sines fhaH be equal to the Sine of 
* the Diftance F 



* 
Cor oil. 2. Hence, if the Sines of all Arcs be 
* given, diftant from one another by a &iveii 
Interval, from the Beginning of a Quadrdiit 
to 60 Degrees, the othet Sines may be 
found by one Addition only. For theSifte 
of 61 Degrees =: Sihe of 59 Degrees 4* 
Sine of 1, Degree. And the Sine pf 61 De- 

frees = Sine of 58 Degrees' -f Sine of "£. 
)egrees. Alfo thfe Sine of 63 Degrees ±2 
Sine of 57 Degrees -f Sine of 3 Degrees; 
jud fo on; B CorW 
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Cor oil. 3. If the Sines of all Arcs, frotfi the 
Beginning of a Quadrant to any Fart of the 
Quadrant, diftant from each other, by a gi- 
ven Interval be given, thence we may find 
the Sines of all Arcs to the Double of that 
fart. For Example, Let all the Sines to 
15 Degrees be given ; then, by the prece- 
ding Analogy, all the Sines to 30 Degrees, 
may be found. For Radius is to double 
the Cofine of 1 5 Degrees, as the Sine of 1 
Degree, is to the Difference of the Sines of 
14 Degrees, and 16 Degrees ; fo alfo is the 
Sine of 3 Degrees, to the Difference between 
the Sines of 12 and 18 Degrees ; and fo on 
continually until you come to the Sine of 
30 Degrees. 

After the fame Manner, as Radius is to dotiJ 
ble the Cofine of 30 Degrees, x>r to double 
the Sine of 60 Degrees* fo is the Sine of 1 
Degree to the Difference of the Sines of 29 
and 3 1 Degrees : : Sine 2 Degrees, to the 
Difference of the Sines of 28 and 32 De- 
grees : : Sine 3 Degrees, to the Difference 
of the Sinesof 27 and 33 Degrees. But 
in this Cafe,* Radius is to double the Co- 
fine of 30 Degrees, as 1 to y' 3. And ac- 
cordingly, if the Sines of the Diftances from 
. the Arc of 30 Degrees, be multiply'd by 
*/ 3> theDifferencesof theSines will be had. 

So likewife may the Sines of the Minutes in 
the Beginning of the Quadrant be found, by 
having, tire Sines and Cofines of one and 
two Minutes given. For as the Radius is 

to 
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to double the Cofine of 2' : : Sine 1' : Dif- 
ference of the Sines of 1' and 3' : : Sine 
2' : Difference of the Sines of q' and 4', that 
is, to the Sine of 4'. And fo the Sines of 
the four firft Minutes heing^iven ; we may 
thereby find the Sines of the -others to %'% 
9nd from thence to \6\ and fo on. 

PROPOSITION VJI, 
THEOREM. 

In fmall Arc*, the Sines and Tangents of the 
fame Arcs are nearly to one another, in a Ra- 
tio of Equality. 

OR becaufe the Triangles CED, CBG, 

are equiangular, CE : CB: : ED : BG. 

^Sut as the Point E approaches B , E B will 

*?ani(h in Refpeft of the Arc BD : Whence 

CE wjHl become nearly equal to CB. And 

fo B D will be aifo nearly equal to B G. If 

,1 

E B be left than the 10,000,000 Part of the 
Radius, then the Difference between the Sine 
and the Tangent will be alfo left than thp 

T Part of the Tangent. . 

10,000,000 

Coroll. Since any Arc is lefs than the Tangent 

and greater than it's Sine, and the Sine and 

Tangent of a very fmall Arc, are nearly e- 

i qual ; it follows that the Arc fliall be near- 

1 B z 1* 
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ly equal to it's Sine ; and fo in very fmaU 
Arcs it (ball be, as Arc is to Arc, fo is Sine 
to Sine. 

proposition vin. 

To find the Sine of the Arc of one Minute. 

% i 

THE Side of a Hexagon inferibed in a 
Circle, that is, the Subtenfe of 60 De- , 
grees, is equal to the Radius, (by \%tb of the 
$tb 9 ) and fo the half of the Radius (hall he 
f he Sine of the Arc 30 Degrees, Wherefore 
the Sine of the Arc of 3oDegrees being given, 
the Sine of the Arc of 15 Degrees may' be 
found, (by Prop. 3.) Alfo the Sine of the Arc 
of 1 5 Degrees being given, (by the fame Prop.) 
W may h^ye the Sine of 7 Degrees 30 Mi- 
putes : So lifcewife can we find the Sine of , 
the half of this, viz* 3 Degrees 45'; and Co 
pn, ijntil twelve Bifeftions being made, we 
come to an Arc of 52% 44% 3^, 45% whole 
Cofine is nearly equal to the Radius, in which 
jPafe (as is manifeft from Prop. 7.) Arcs are 
proportional to their Sines : And fo, as the Arc 

$ 5 2 % 44 3 » 3 4 , 45 s > is to an Arc of one Mi: 
nutc, fo (hall the Sine before found, be to the 
Sine of an Ate of one Minute, which there- 
fore will be given. And when the Sine o£ 
one Minute is found, then (by Prop. 2. and 4.) 
the Sine and Cofine of tWQ Minute; will be 
nad . ' v : ' 
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> 

PROPOSITION IX. 
THEOREM. 

« 

If the Angle BAG, being in the Periphery of 
a Circle, be bifefted by the Right Line A D, 
and if A C be produced until D E = A D 
meets it in E : then ft) all C E = A B. : 

IN the quadrilateral Figure ABDC (by 
22. 3.) the Angles B and A C D are e-> 
qual to two Right Angles =2 D C E + 
DC A (by 13. 1.) Whence the Angle 
B = DCE. But likewife the Angle E= 
DAC(*r?.i.) = DABandDC = DB. 
Wherefore the Triangles B A D and C E D 
are congruous, and C E is equal to A B 
W. W. D. 

PROPOSITION X. 

THEOREM. 

Let the Arcs AB, BC, CD.DE, EF,^. 
be equal ', and let the Subtenfes of the Arcs 
A B, A C, AD, A E, &c. be drawn; then 
vitt AB: AC :: AC: AB^-AD:: 
A D : A C+AE : : ILE : AD-f-AF : : 
AF: AE+AG. 

LET A D be produced to H, A E to T, 
A F to K, and A G to L, that the Tri- 
angles A C H, A DI, A EK, AFL.belfcf- 

celcs ones; thea becaufe the Angle B A D is 

biCeftcd, 
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bifeaed, we fhaU have D H = A B, (ly th$ 
laft Prop.) To like wife thaH E I = A C, E K, 
= AD, alfoGL = AE. 

But the Ifofceks Triangles ABQCHA, 
DAI, EAK, F A L, becaufe of the equal 
Angles at the Safes, arc equiangular. Where, t 
fore it (hall be as A B : A C . : A C : A H 
rrAB-|-AD::AD:AI=:AC+AE:: 
AE: AK=AD-fAF :: AF: AL=* 
AE+AG. W.W. D, 

CortlL i. Becaufe A B is to A C, as Radius 
is to double the Cofine of I the Arc A B» 
it /hall alfo be (by CoroL Prof. 4.) as Ra- 
dius is to double the Cofioe of f the Arc 
A B, fo is i AB : f AC*: :fAC;f 
AB+ IAD : : i AD : IAC+ *AE : : 
'IAE: *AD+ i AF, &€. Now let 
each of the Arcs AB,BC,CP, gk. be 
2' then wiU v A B be the Sine of one Mi- 
nute, JA C the Sine of *' Minutes* r A D 
the Sine of 3' Minutes ; % A E the Sine of I 
, 4', &c. Whence if the Sines of one and 
two Minutes be given, we may eafily find 

, aril the other Skies in the following Manner. 
Let tfae Cofine of the Arc of one Minute, 
that is, the Sine of the Arc of 89 Deg. 59', 
:he called Q, and make, the following Ana- 
logies; R : 2Q : : Sin. i' : S, i'-J- S. 3'. 
Wherefore the Sine of 3 Minutes will be 
given. Alfo R : 2Q::S. j'iS.z' + S. 
4'. Wherefore the S. 4' is given ; and R* 
a Q : : S. 4' : S. 3' + S. 5; and fo the 
Sine of 5' will be had. - ' 

lUfewifcj 
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LikewifeR: 2Q : : S. 5': $. 4'+ S. 

6' ; and fo we (hall have the Sine of 6\ 
And in the like Manner, the Sines of eveuy 
Minute of the Quadrant will be given. And 
becaufe the Radius, or the firft Terra of 
the Analogy is Unity, the Operations will 
be with great Eafe and Expedition calcu- 
lated by Multiplication, and contrafted by 
Addition. When the Sines are found to 
€0 Degrees, all the other Sines may be h^d 
by Addition only, (by Cor. 1. Prop. <S.) 

The Snes being given, the Tangents and 
Secants may be found from the following 
Analogies, (in the Figure for rhe Definiti- 
ons :; becaufe the Triangles CED, CBG, 
C H I, are equiangular, we have. 

CE:ED-.:CBtBG;thatis,Cof.:S::R:T. 
GB:BC::CH:Hl;thatis, T:R::R>Cot; 
CE:CD:tCB:CG;thatis, Cof.:R::R: 

Secant. 
DE:CD::GH:pi;thatis,S:E.::RjCoftc. 

SCHOLIUM. 

That great Geometrician and incomparable 
Tbibfoptxr, Sir Ifaac Newton,, was the firft . 
that laid down a Series converging, in infini- 
tum ; from.wbicb, having the Arts given, their 
Sines may be fouHd. Thus if an Arc be called 
A, and the Radius be an Vnit, the Sine there* 
yf wiS be found to be. 

A* A 1 A 7 A* 

[ 1.1.3. 1.204.5. 1.2.3 4 5 ^7» 1.2.3.4.5^.7,8^. 

And 
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And theCofm* • • 

A* . A 4 A* ■ A 8 v, 

i- -+- - — = — : — M--^ — r-t— »« 

1,2. 1.2.34- 1*2.3.4.5.6 I.2.34.5-&7& 

2**/* &ri>/ w the beginning of the Quadrant 
when the Arc A is but fmall, foon converge. 
For in the Series for the Sine, if A does not 
exceed 10 Minutes, the two fir ft Terms there- 
of j viz. A — I A' gives the Sine to 15 Places 
of Figures. If the Arc } A be not greater than 
one Degree , the three fir ft Terms will exhibit 
the Sine to 1 5 Places of Figures ; and fo the 
faid Series are very ufeful for finding the firfi 
and I aft Sines of the guadr ant. Bui the great- 
er the Arc A is, the more are the Terms of the 
Series required to have the Sine in Numbers 
true to a given Place of Figures. And then 
when the Arc is nearly Equal to the Radius f 
the Series Converges very flow. And there- 
fore, to remedy this, I have devifed other Se- 
ries, fimilar to the Newtonian one, wherein y I 
fuppofe, the Arc, whofe Sine is fought, is the 
Sum and Difference of two Arcs, viz. A -f- z, 
or A — z : And let the Sim of the Arc A, be 
called a, and the Cofine b. Then the Sine df 
the Arc A + z will be expreffed thus : 

bz az* bz* az 4 bz 5 

x . a + 1— — +- — -^-ejfr 

1. 1.2 1.2.3 1.2.34 i^.34-5 
And the Cofine is, 
az bz* az.' bz 4 az* bz 

i. br — -— — - \ '-} 
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ii 1.2 1.3.3 i<2>34 1.2.3.4.5 i.2.34-5^ 
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Xn like Manner the Sine of the Arc A — z is 
bz az* bz* az 4 bz 5 az* 

3 # a— — « 1 1- < • -. . 

I 1.2 1.2.3 1.2.34 I.2.3.4.5 I.2;3.d.5.6 

J And the Cofine //, 

az bz* a p z' bz 4 az* 

i ;4 .b^i — — ^ — +- — tfft 

j I 1.2 1.2.3 1.2.34 J.2.3.4.5 

i ■' 7*fc* >/ri: A ij an Arithmetical Mean between the 
A— Z *»/ A+z. >4W the Difference of the Sines are 9 
% bz az* bz * az 4 bz* az 5 

j. — — * — ■-! *— 4- gjV; 

1 1.2 1.2.3 1.2*34 1.2.3.4.5 1.2.345.6 

\ bt az* bz* az 4 bz 1 az* 

I 1.2 1.2.3 I.2.3.4 I.2.3.4.5 I.2.3.4.5.6 

Whence the Difference of the Differences or fecond 
difference. 

2az, z 2az 4 2az* 

7. Produce * * - > *— *— . -f- Cjfa 

1.2 1.2.3.4 1.2.3.4.5.6 






z* fc 4 z 

tfr, 2 3 x — — - » + — #r. 

1.2 1.2.34 1.2.34.5.6 

TFfoVA $*r*Yf is equal to double the Sine of 
the Mean Arc, drawn into tht verfed Sine of 
the Arc Z, and Converges very foon. So that 
if z be the firft Minute of tfo' Quadrant, the 
firjt Term of the Series gives the fecond Dif; 
ferent* to 1 5 Places of Figures % and the fecond 
Term fr 25 Places. 

c Jtow 
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From hence, if the Sines of the Arcs diftant 
one Minute from each other be given. The Sines 
of all the Arcs* that^ are in the fame Progreffion 
max to found by an exceeding eafy Operation. 

In the firft and fecond Series, if Arro ; then 
Jhall a = o, and b its Cofine, will become Ra- 
dius, or i. And hence, if the Terms wherein 
a is, are taken away, and i be put infiead of b, 
the Series, will become the Newtonian. In ttie 
third and fourth Series, if A be 90 Degrees, 
\ we Jhall have b =ro, and a = 1 . Whence again, 
taking away all the Terms wherein b is^ and 
putting 1 inftead of a* we Jhall have the New- 
tonian Series arife. 

Note, AS the f aid Series eafily flow from the 
Newtonian ones. By the fifth Proportion. 

PROPOSITION XL 

In a Right-angled Triangle, if the Hypotbenufe 
be made the Radius, then are the Sides the 
Sines of their oppofite Angles; and if either, 
of the Legs be made the Radius, then the other 
Leg is tbeTawentofit's oppofite Angle, and 
the Hypotbenufe is the Secant of that Angle, 

c 

IT is manifeff that C B is the Sine of the 
Arc C D, and A B the Cofine thereof; 
but the Arc C D is the Meafure of the Angle 
A and the Complement of the Meafure of the 
Angle C. Moreover, if A B, in the Figure to, 
this Propofition, be fuppofed Radius, then B G 
« « Tangent, and A C the Secant of the 
Arc B D, which is the Meafure of the Angle 
A. So alfo if B C be made the Radius, then 

is 
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is B A the Tangeqt, and A C the Secant of 
the Arp B E, or Angle C. W. W. D. There- 
fore as AC being taken as fome given Meafure 
is to B C taken in the fame Meafure ; fo'fhall 
the Number 10000000 Parts in which the 
Radius is fuppofed to be divided, be to a Num. 
ber expreffing in the fame Parts the Length 
qf the Sine of the Angle A ; that is, it will be* 

asAC:BC::R:S,A. 
by the fame Reafon, as A C : B A : : R ; S, C. 

alfoas AB:BC::R:T,A/ 
andBC:BA::R:T,C. , 

And fo if any three of thefe Proportionals be" 
given, the fourth may be found by the Aula 
of Three. 

PROPOSITION XII. 

The Sides of Plain Triangles are as the Sines 
of ibtir oppofite Angles* 

IF the Sides of a Triangle infcribed in a Cir- 
cle be bifcfted by perpendicular Radii, 
then (hall the half Sides be the Sines of the 
Angles at the Periphery ; for the Angle B D C 
at the Center is double of the Angle BAG 
at the Periphery ; (by 20 El. lib. 3.) and fo 
the half of every of them, viz, BDE=BAC, 
and B E is the Sine thereof. For the fame 
JRcafon, B F (hall be the Sine of the Angle 
BC A, and AG the Sine of the Angle ABC. 
In a Right-angled Triangle we have B D 
= f B C = Radius (by 31 Eucl. 3.) but Ra- 

C z dips 
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dius is the Sine of a Right Angle : Whence 
! B C is the Sine of the Angle A. 

In an Obtufejngled Triangle, let BL, C L, 
be drawn, and then the Angle L (hall be the 
Complement of the Angle A to two Right 
Angles, {by 22 Ml. j.) and fo they (hall both 
Save the fame Sine. But the Angle B D E. 
(whofeSine is BE)= Angle L. Therefore 
B h (hail be rhe Sine of the Angle B A C. 
And fo ln every Triangle, the Halves of the J 
bides are the Sines of the oppofite Angles ; 
but it is manifeft that the Sides ate to one 
another as their Halves. W. W. D. 

PROPOSITION XIII. 

InifUin Triangle, tb, Sum of tb, L,gs, the 
Different of the Legs, tb, Tangmt of the 
half Sum of tbt Aigles at the Baf,, and tb. 
Tangent of one half tbtir Different,, are pro. 
porttonal. ? 

! J5 i Tr «"gle ABC, whole 
AB Be, and Baft AC. Pro. 
H, fothat BH = BC, then 
tne bum of the Legs ; and if 
= BA, then I H will be the 
he Legs. Alfothe AngleHBC 
: A C B (iv 3 ». El. 1.) and fo 

: I ? » half the Sam ° f the 
A C B, and it's Tangent ( put. 
K = EB)isEa Againf let 
parallel to A C, and make H E 

■■) the Angle HBF = CBD 

■9 El. 1.) Alfothe Angle HBO 

= Anglei 
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a Angle A ; whence F B D rtiall be the Difc 
ference of the Angles AandACB;andBBD, 
jwhoft Tangent is E D, half their Difference. 
Let I G be drawn thro' I parallel to A C or 
BD, and then (by 2 EL 6.) A B : B I : : C D : 
DG, but A B =2 B I \ whence we (ball have 
CDrrDG, butCD=HF, andfoHF 
nD G, and confequently, HQ = DF, and 
*H G = fcD F = D E ; and becaufc the Tri- 
;les AHC.IHGi are equiangular, it (hall 
asAH:IH:; HC: HG::fHC: 5 
HG::EC:ED. That is, A H the Sum 
*fthe Legs, to I H the Difference of the Legs, 
jaD be as E C the Tangent of one half the 
mm of the Angles at the Bafe, to ED the Tan. 
gat of one half their Difference. W. W. D, 

PROPOSITION XIV. 

& * plain Triamle, the Bafe, the Sum of the 
Sides, the Difference of the Sides, and the 
Difference of the Segments of the Bafe, art 
proportional. 

LE T D C be the Bafe of the Triangl^ 
BCD, about the Center B, with the 
Radius B C, let a Circle be defcribecL Fro* 
duce D B to G, and from B let fall B E per* 
Micular to the Bafe ; then (hall DGi; 
D B+B C = Sum of the Sides, and D H=^ 
Difference of the Sides; and D E, C.E, are 
the Segments of the Bafe whofe Difference is 
DF ; becaufe (by Cor. Prop. 38. El. 3.) the 
^eftanglc under DG and D F, is /equal to 

ReWle v under D G, D H, i* <haU 

be 



AJ* The Elements of 

bc(*y 16 El. 6.) as DC: DG :: DH: 
DF. W.W.D, 

PROBLEM. 

The Sum and Difference of any two Quantities 
being given, to find the Quantities themselves. 

IF one half ,of the Sum be added to one 
half of the Difference, the Aggregate (hall 
be equal to the greater of the Quantities ; and 
if from one half of the Sum be taken one half 
of the Difference, the Refidue (hall be equal 
to the leffer of the Quantities. For let there 
be two Quantities A B, B C,and let there be 
taken A D = B C, then D B will be their 
Difference, and A C their Sum ; which, bi- 
fefted in E, gives A E or E C the half Sum, 
and D E or E B the half Difference. Hence 
A B=AE-f EBrzrthe half Sum + the half! 
Difference, and B C= C E — E B = the half 
Sum — the half Difference. 

In any plain Triangle if two Angles be given, 
the third Angle is alfo given, becaufe it is 
their Complement to two Right Angles. 

If one of the acute Angles of a Right-angled 
Triangle be given, the other acute Angle wrD 
be given, becaufe it is the Complement of the 
given Angle to a Right Angle. 

And if two Sides of a Right-angled Tri-" 
angle be given, the other Side may be foundi 
by the firft Proportion without a Canon. \ 

A D E B C 

1 1 1 

Tbel 
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The Trigonometrical Solution of a 
Right-angled Triangle^ may be 
as follow. Vid. Fig. A. 



fl3 



Given 



J 



The 
Legs 
AB 
and BC 

TEe 
LegAB 

and the 
Hypo- 
thenufe 
A C. 

The" 
LegAB 




Make as 

AB:BC::R: T of 
the Angle A, whofe Com- 
plement is the Angle C 



The 
other 
and the /Side 
Angle IB Qand, 
A. Ithe Hy-| 
pothe- 
nufeAC 



4 



AC: AB::R:S,C whofe 

Complement is the Angle 
A. 



R:T. A::AB:BC. 
S,C: R •:: AB.AC. 



The 
Hypo, 
thenufe 
AC, 
and the 
Angle 
C. 
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The Trigonometrical Solutions of obliquf-aigh 
TrungUi. Vid. Fig. to Pf op. 1 2. 



iv«n 
TfiT 



Angles 

A, B,C, 

•ad theJAG 
Stde 

AB» 



^« 






A,B,C, 




*»» 



K5 



Sides 



«M— 
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Mfke as 

^,(i:SA::'A6:fed J Alfi 
S,C:S,B::AB:AC:Bu 
BC and when two Angles are gi 
the third is alfo given 
whence the Cafe wherei 
two Angles and a Side are 
given, to find the reft, fells 
into this Cafe* 



Attt&efAtt thek C. S; A : : Afi: ft C 
Angles Sides And S, C: S,B : : A B : B C: 
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AB, 
A C, 
BG. 



MAI ' The 



Whence if the Angles arc 
gi ven,theProportions of the 
Sides may be found, but not 
the Sides themfclves, unUfs, 
one of them be fir ft known. ! 
AfiiBC::SlC:S,A; 



two 
Sides 
AB, 
BQand 

C the 

Angle 
oppofitc 
to one 
ofthem. 



(Angles which therefore may be 
A and {found. When A B the Side 



B 



\ 



oppofite to C, the given An- 
gle is longer than BC the 
Sidcoppoflte to the fought 
Angle, the fought Angels is 
lefs than a right one. jfifut 
when it is fhorter, becaufe 
the Sine of an Angle, and 
that of its Complement to 
two Right Angles, is the 
fame, the Species of the An*, 
gle A muft be firft known, 
or the Solution will be am- 
biguous. 
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Given 



Sought 



4 



5 



The 
two 
Sides 
AB, 

BQand 

theinter 
jacent 
Angle 
B. 



The 
Angles 
A and 

a 



Make as 



■M 






Vii. Fig. to Prop. 1 3. B C 
+ AB: BC- AB:: 
A+C A— C 

T, :T, 

2 2 

Whence is known the Dif- 
ference of the Angles A 
andQwhofe Sum is given ; 
and fo(by thtProb. follow* 
ing Prop. 14.) the Angles 
themfelves will be gi ven„ 



All the 
Sides 
A B, 
BC, 
A C. 



The" Fid. Fig. B. LetthePer- 
Angles. pendicular be drawn from 
the Vertex to the Bafe, 
and find the Segments of 
the Bafe by Prop. 14. viz* 
Make as B C : A C + 
AB::AC— AB:DC— 

DB. AndfoBD,DC, 

are given from this Ana-* 
logy ; and thence the An- 
gles ABD,ADC, wiU 
be given by the Refoluti- 
on of Right-angled Trian- 
les. 
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Spherical Triangles. 



DEFINITIONS. 



I. 



HE Poles of a Sphere 
are two Points in 
the Superficies of the 
Sphere that are the 
Extremes of the Axis, 
II. The Pole of a Cir. 
cle in a Sphere, is a 
Point in the Super- 
ficies of the Sphere, 
from which all Right Lines that are drawn to 
the Circumference of the Circle, are equal to one 
another. 

III. A great Circle in s Sphere, is that wbofe 

Plane paps thro' the Center of the Sphere, and 

wbofe Center is the fame at that of the Sphere. 

IV. A 



SphericalTrigonometry. 

IV. A fpberical Triangle is a Figure coml 
prehended under the Ares of three great Cir* 
cles in a Sphere. 

V. A fpberical Angle is that which, in the 
Superficies of the Sphere, is contained under two 
Arcs of great Circles ; and this Angle is equal 
to the Inclination of the Planesof the faidCircles. 





**hfZ.-J± ^.~\-5- "t.;.^J**fi.L-t+ 



PROPOSITION I. 

Great Circles AC B, A FS 9 mutually bifeft 

each othef. 

O R fincc the Circles have the fame 

Center, their common Settion (hall 

be a Diameter of each Circle, 

and fo will cut them into two 

equal Parts. 

CaroU. Hence the Arcs of two great Circles in 
the Superficies of theSphere, being lefsthan 
Semicircles, do not comprehend a Space ; 
for they cannot, unlefs they meet each other 
in two oppofite Points in a Semicircle. 

PROPOSITION II. 

Jf from the Pole C of any Circle AFB % be drawn 
a Right Line CD to the Center thereof ', the 
faid Lin* mU be perpendicular to the Plane 
of that Circle, vid. Fig. to Prop, i. 

ET there be drawn any Diameters EF t 
G H, in the Circle A t B; then becaufe 

D 2 fa 



L 
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in the Triangles C D F, C D E, the Sides 
CD,DF, are equal to the Sides C D, D E, 
and the Bafe C F, equal to the Bafe CE;(h 
Def. 2.) then (by 4 El. 1.) (hall the Angle 
C D F = Angle C D E ; and fo each of them 
will be a Right Angle. After the fame Man- 
ner we demonftrate that the Angles CDG, 
C D H, arc Right Angles ; and fo (by 4 EL 
11.) C D (hall be perpendicular to therlanc 
of the Circle A F E. W. W. D. 

CoroU. 1. A great Circle is diftant from it's 
Pole by the Interval of a Quadrant ; for 
fince the Angles CDG, CDF, are Right 
Angles, the Meafures of them, viz. the 
Arcs C G, C F, wiD be Quadrants. 

2. Great Circles that pafs thro* the Pole of 
fome other Circle, make Right Angles with 
it ; and confrariwife, if great Circles make 
Right Angles with fome other Circle, they 
(hall pafs thro' the Poles of that other Cir- 
cle, for they muft neceflarily pafs thro' the 
Right Line DC, 

PROPOSITION HL 

If a great Circle ECF be defer ibed about the 
Pole A ; then the Arc C F intercepted between 
AQAF, is the Meafure of the Angle CAF, 
or CDF, Vid. Fig. to Prop. 1. 

THE Arcs AC, A F, (by Cor. 1. Prop. 
2. ) are Quadrants, and confequently 
the Angles ADC, AD F, are Right Angles. 
Wherefore (by Jte/. 6. El. n.) the Angle 

CDF, 
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CD F, ( whofe Mcafurc is the Arc C F ) is 
ual to the Inclination of the Planes AC B, 
FB, and alfo equal to the fpherical Angle 
AF,orCBF. W.W.D. ^ 

fyoB. i. If the Arcs A C, A F, areQuadrant* 
i then (hall A be the Pole of the Circle paf- 
| ling thro' the Points C and F ; for A D, 
; is at Right Angles to the Plane F D (J. 
I (by \a EL ii.) 

i. The Vertical Angles arc equal, for each of 
them is equal to the Inclination of the Cir- 
cles ; alfo the adjoining Angles are eqqal 
to two Right Angles. 

PROPOSITION IV, 

f dangles /ball be equal and congruous y iftbey 
, have two Sides equal to two Sides, and the 
• Angles comprehended by the two Sides alfo 

tyial. 

PROPOSITION V. 

#Ji Triangles fhaB be equal and congruous, if 
m Side together with the adjacent Angles 
konsTriangkybe equal to one Side, and the 
adjacent jingles of the other Triangle. 

PROPOSITION VI. 

^tmgles mutually Equilateral, art alfo mutu: 
ally equiangular. 

p r o p a 
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PROPOSITION VII. 

fn Ifofceles Triangles, the Angles at the Baft 

• are equal. 

PROPOSITION VIII. 

t i 

'And if the Angles at the Bafe be equal, then the* 
Triangle jball be Ifofceles. 

Thefe four laft Propofitions are demonft ra- 
ted in th^ fame Manner, as in plain Triangles., 

PROPOSITION IX. 

Any two Sides of a Triangle are greater tbaih 

the third. 

FO R the Arc of a great Circle, is the (hort- 
cft Way, between any two Points in the 
Superficies of the Sphere* 

PROPOSITION X. | 

A Side of a fpberical Triangle is left than 

a Semicircle. 

LET AC, A B> the Sides of the Triangles 
A B C be produced till they meet in D 
then fliall the Arc A C D, which is greater 
than the Arc A C, be a Semicircle. 
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PROPOSITION XL 

fit three Sides of a fpbcrical Triangle art left 
than a whole Circle. 

JJOR DB-f-DC is greater thanBC, (bj 
1 Prop. 9.) and adding op each Side B A -£ 
IC.DBA+DCA, that is, a whole Circfc 

Wl be greater thanAB+B C4- A C,whicJ* 
f R p threc Sidcs of tne fpherlcal Triangi* 

PROPOSITION XI* 

r «9 Spherical Triangle A B C, the greater 
Jngle A is fubteaded by the greater Side. 

1/ A K E the Angle B A D = Angle B: 
lU. then (hall A D = B D, {by 8 of this* 
■4 fo B D C=D A + D C, and thefe Arcs 
K grater than A C. Wherefore the Side 
[Qthat fubtends the Angle B AC, is greater 
m the Side A C, that fubtends the Angle B, 

PROPOSITION XIII. 

* *> fpberical Triangle ABC, if the Sum 
tf the Legs A B and B C be greater, equal, 
w kfs, than a Semicircle, then the internal 
■*?/« at the Bafe A CJhall be greater, equal, 
* tfi) than the external and oppofite Jingle 
JCp, andfo the Sum of the Angles A and 
*CB jhatt alfo be greater, equal, or left, 
m two Right Angles. 

ElfcST, let A B + B C = Semicircle =a 
1 AD, then (hall B C z= B D, and the An. 

gles 
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gles B C D and D equal, {by 8 of this,) an 

therefore the Angle BCD (ball be = Angle i 3 

Secondly, Let A B+ B C be greater tha 

, A B D; then {hall B C be greater than B D 
and fo the Angle D ( that is, the Angle A 
by 12 of this ) lhall be greater than the Ang) 
BCD. In like Manner we demonstrate, i 
A B 4* B C be together lefs than a Semicii 
cle, that the Angle A will be lefs than th 
Angle BCD. And becaufe the Angles BC I 
and B C A, are = two Right Angles ; if th 
Angle A be greater than the Angle BCD 
then (hall A and B C A, be greater than tw< 
Right Angles ; if the Angle A = B C D, tho 

• (hall A and B C A be equal to two Rigb 
Angles. And if A be lefs than BCD, thei 
will A and B C A be lefs than two Righ 
Angles. W.W.D. 

PROPOSITION XIV. 

I* any fpberical Triangle GHD, the Poles q 
the Sides being joined by great Circles, d 
conftitute another Triangle X M N, wbic\ 
is the Supplement of the Triangle GHD 
viz. the Sides N X, X M, and N M, Jhai 
be Supplements of the Arcs that are the Mea 
fures of the Angles D, G, H, to the Semi 
circles ; and the Arcs that are the Meafure 
of the Angles M,X,N, will be the Supple 
ments of the Sides G H, G D, and H D 
to Semicircles. 

FROM the Poles G, H, D, let the great 
Circles XC AM, TMNO, XKBN, 

be 
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be defcribed ; then becaufc G is the Pole of 
the Circle X C A M, we (hall have GM = 
Quadrant, ( by Cor. i Prop. 2. ) and fince H 
is the Pole of the Circle T M O, then will 
H M be alfo a Quadrant ; and fo (by Cor. 1. 
Pr<£.30M(hallbe the Pole of the CircleGH. 
In like Manner, becaufe D is the Pole of the 
Circle XBN, and H the Pole of the Circle 
TMN, the Arcs DN,HN, will be Qua* 
drants ; and fo (by Cor. 1. Prop. 3.) N fliall 
be the Pole of the Circle H D. And becaufe 
G X, D X, are Quadrants, X will be the 
Pole of the Circle GD. Thefe Things 
premifed. 

Becaufe NKrrr Quadrant, (Cor. 1. Prop. 2.) 
then will NK+XB, thatis, NX+KB= 
two Quadrants, or a Semicircle ; and fo N X 
is the Supplement of the Arc K B, 6r of the 
Mcafure of the Angle HDG to a Semicircle. 
In like Manner, becaufe MC = Quadrant, 
and X A=Quadrant, then will MC-f X A; 
that is, XM+ A Crr: two Quadrants, or a Se- 
micircle; and confequeritly XM is the Sup- 
plement of the Arc A C, which is the Mea- 
sure of the Angle HGD. Likewife, fince 
M O, N T, are Quadrants, we (hall have M O 
+ NT =0 T+NMr Semicircle. And 
therefore N M is the Supplement of the Arc 
O T, or of the Meafure of the Angle GHD, 
to a Semicircle. W. W. D. 
, Moreover, becaufc D K, H T, are Quadrants, 
DK + HT, orKT-f HD, are equal to 
two Quadrants, or a Semicircle. Therefore 
K T, or the Meafure of the Angle X N M f 
it the Supplement of the Side H D to a Se~ 

£ micirclc. 
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micircle. After the fame Manner it is de- 
monftrated, that OC, the Meafure of the An- 
gle XM N,is the Supplement of theSideG H, 
and B A the Meafure of the Angle X> is the 
Supplement of the Side G D. W. W. D. 

PROPOSITION XV. 

Equiangular fpherical Triangles are alfo equl* 

lateral. 

T7 O R their Suppletfientals (by 14 of this) 
jC are equilateral ; and therefore equiangu- 
lar alfo; and fo themfelvei are llkewife equi- 
lateral, (by Part 2. Prop. 14.) 

PROPOSITION XVI. 

The three Angles of a fpherical Triangle, are 
greater than two Right Angles, and left than 
fix. 

FOR the three Meafures of the Angles 
G, H, D, together with the three Sides 
of the Triangle XNM, make three Semicir- 
cles, (^14 of this ;) but the three Sides of 
the Triangle XNM, are lefs than two Serai, 
circles, (by 11 of this) Wherefore the three 
Meafures of the Angles G, H, D, are grea- 
ter than a Semicircle; and fo thd Angles 
G, H, D, are. greater than two Right Angles. 
The fecond Part of the Proportion is mani- 
feft, for in every fpherical Triangle, the extern 
nal and internal Angles together, only make 
fix Right Angles ; wherefore the internal 
Angles are lefs than fix Right Angles. 

PROPOj 
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PROPOSITION XVII. 

If from the Point R, not being the Pole of the 
Circle A F B E, there fall the Arcs R A, 
R B R G, R V, of great Circles to the Cir- 
cumference of that Circle ; then the greatefk 
of thofe Arcs is R A, which paffbs thro' the 
Pole C thereof ; and the Remainder of it is 
the leaft ; and, thofe that are more difiant 
from the greatefk are lefs than thofe which 
are nearer to it, and they make an obtufe Angle 
with the former Circle A F B, on the Side 
next to thegreatefl Arc. Vid. Fig. to Prop. 1 . 

BEcaufe C is the Pole of the Circle A F B, 
then (hall C D and R S, which is parallel 
thereto, be perpendicular to the Plane AFB. 
And if S A, S G, S V, be drawn, then (hall 
S A ( by 7 £/- 3.) be greater than S G, and 
S G greater than S V, Whence in thcRight- 
angled plain Triangles R S A, R S G, R S V, 
we (hall have ft Sq+S A q, or R Aq, greater 
than RSq-f SGq,orRGq; and fo R A 
will be greater than R G* and the Arc R A 
greater than the Arc R G. In like Manner, 
R S Q+S G q, or R G q (hall be greater than 
RS + SVq, or RVq;and foRG (hall, 
be greater than R V, and the Arc R G greater 
than the Arc R V. 

idly, The Angle R G A is greater than the 
Angle C G A, which is a Right Angle ( by 
Cor. Prop. 3 . ) and the Angle R V A is greater 
than the Angle C V A, which alfo is a Right 
Angle. Therefore the Angles R G A, R V A, 
are obtufe Angles. 

£2 pROPa 
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PROPOSITION XVIII. 

In a fpberical Triangle right-angled at A, tlk 
Legs containing the Right Angle, are of the 
fame AffeHion with the oppofite Angles ; that 
is, if the Legs be greater or lefs than J£ua~ 
drants, then accordingly will the Angles op~ 
fofite to them be greater or lefs than Right 
Angles. Vid. Fig. to Prop, i. 

FO R if A C be a Quadrant, then will C 
be the Pole of the Circle A F B, and the 
Angles A G C, or A V C, will be Right An- 
gles. If the Leg A R be greater than a Qua- 
drant, then (hall the Angle A G R be great, 
er than a Right Angle, (by 17 of this ;) and 
if the Leg A X be lefs than a Quadrant, the 
Angle AG X (hall be lefs than a Right Angle, 

PROPOSITION XIX, 

Jf two Legs of a right-angled fpherical Tri- 
angle be of the fame AffeBion ; ( and confe- 
quently the Angles, ) that is, if they are both 
lefs or both greater than a Quadrant, then 
vnll the Hypothenufe be lefs than 4 Quadrant. 
Vid, Fig. to Prop, u 

IN the Triangle ARV, or BR V, let F 
be the Pole of the Leg A R, then will R F 
be a Quadrant, which is greater than R V t 
{by 17 of this.) 

prop'o. 
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I PROPOSITION XX. 

f ttcy be of a different Affettien; then Jhall 
, the Hypotbemfe be greater than a Quadrant. 

Vid. Fig. to Prop. i. 

i 

fcOR in the Triangle A RG, the Hypo* 
L thenufe R G is greater than R F, which 
la Quadrant, 

| PROPOSITION XXL 

j the Hypotbemfe be greater than a Quadrant* 
then the Legs of the Right Angle, and fo the 
%les oppofite to them, are of different 
fettion ; but ifleffer 9 of the fame AffeBion. 
id. Fig. to Prop, i, 

^THIS Propofitlon being the Converfe 
I of the former ones, eafily follow from 
mem. 

PROPOSITION XXII. 

buy ftbericai Triangle ABC,// the Angles 

1 <* the Bafe B and C, be of the fame Affection* 

tkn the Perpendicular falls within the TrU 

togk ; and if they be of a different Affeftion, 

the Perpendicular falls without the Triangle. 

IN the firft Cafe, if the Perpendicular does 
not fall within, let it fall without the Tri- 
ple, ( as in Fig. 2. ) then in the Triangle 
ABP, the Side AP is of the fame AfFeftion 
*ith the Angle B. And in like Manner, in 
Je Triangle A C P, A P, is of the fame Af- 
fcftion with the Angle A C P. Therefore 

fince 
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finee A B C, and A C P, arc of the fame Af 
ftftion, .the Angles A B C, A C B, fliall b 
of different Affeftion; which is contrary 4 
the Hypothefis. 

In the fecond Cafe, if the Perpendiculai 
does not fall without, let it fall within, (a 
in Fig. i.) Then in the Triangle A B P, tl 
Angle B is of the fame Affeftion with tl 
Leg A P. So likewife, in the Triangle AC ] 
the Angle C is of the fame Affcftion wid 
A P ; and therefore the Angles B and C ar 
of the fame Affeftion ; which 15 contrary U 
the Hypothefis, 

■ '' i 

PROPOSITION XXIII. 

In fpherical Triangles BAC, BHE, right 
angled at A and H, // the fame acute Angl 
B he at tbeBafe B A, or B H, then the Sine, 
of the Hypothenufe fhall be proportional t< 
the Sims of the perpendicular Arcs. 

F6 R the Right Lines CD, EF, beini 
perpendicular to the fame Plane, are pa 
rallel, Alfo F R, D P, perpendicular to tfa 
Radius O B, are likewife parallel ; wherefon 
the Planes of the Triangles EFR,CDB 
are alfo parallel, (by 15 El. xi.) Wherefon 
CP, ER, the common Scftions of thofe Plane* 
with the Plane paffing thro' BE, CO, wi| 
be parallel, (by \6 El 11.) Therefore tfu 
triangles CDP, EFR, (hall be equiangular 
Wherefore C P the Sine of the Hypothenufl 
B C, is to C D the Sine of the perpendiculai 
Arc C A, as E R, the Sine of the Hypothenufl 
BE to E F, the Sine of the perpendicular Ar« 
EH. W.W.D. PROPO 
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PROPOSITION XXIV, 

The fame Things being fuppqfed, A Q, H K* the 
Sines of the Bafts, are proportional to I A, 
G H, the taqgents of the perpendicular Arcs. 

FO R after the fame Manner, as in the laft 
Propofitipn, we demonftrate that thcTri- 
mgles A I,KHG, are equiangular : whence 
UA: All: KH:HG, 

PROPOSITION XXV. 

b a fpherical Triangle ABC, right-angled 
at A, as the Cofine of the Angle B, at the 
3afe B A, is to the Sine of the vertical Angle 
A C B, fo is the Cofine of the Perpendicular 
to the Radius. 

Preparation 

f ET the Sides A B, BC, C A, be produced, 
Lr fo that B E, B F, C I, C H, be Qua- 

rants ; and from the Poles B and C, draw 
he great Circles EFDG,IHG, then will 
he Angles at E, P, I, H, be Right Angles- 
tfcd fo D is the Pole of B A E, (by Cor. 2. 
'rop. 2 of this,) and G the Pole of I FC B; 
Ifo A E will be = Complement of the Arc 
\ A, arid F E the Meafure of the Angle B= 
r D, and D F their Complement. : Alfo BO 
tall be = F I =: Mcafure of the Angle G, 
id C F their Complement. Likewife C A 
r H D,and D C their Complement. Thefe 
liings premifed in the Triangles HIC, 

DCF, 
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D C F, right-angled at I and F, and havii 
the fame acute Angle C, fince B A is 1< 
than a Quadrant, it will be as S, D F : 
HI:: S, DC: S, H C ; that is, the Cofm 
of the Angle B, is to the Sine of the vertica 
Angle B C A, as the Cofine of C A is to Rs 
dius. W.W. D. i 

PROPOSITION XXVI. 

73e Cofine of the Bafe : Cofine of the Hypoti 
mfe : : it : Cb/T of the Perpendicular. 1 

FOR in the Triangles A E D, C F D, right 
angled at E, F, having the fame acq] 
Angle D ; becaufe A E is lefs than a Qui 
drant, we have S, E A : S, CF : : S, DA 
S, DC. W. W. D. 

PROPOSITION XXVIL 

S, of the Bafe : R : : T, of the Perpendicular 
T, of the Angle at the Bafe. \ 

FOR in the Triangles B AC, BEF,righi 
angled at A and E, and having the Ian] 
acute Angle B ; becaufe A C is lefs than 
Quadrant, we have S, B A : S, BE : : T, A C 
T,EF. W. W. D. 

PROPOSITION XXVIII. 

Cof. of the vertical Angle : R : : T, 0/ the Pel 

pendicular : T, of the Hypothetmfe. 

Itf the Triangles G I F, G H D, right-an 
gled at I and H, and having the fam 

acut 
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pte Angle G, becaufe HD is lefs than HC, 
p a Quadrant, it is- -as S, G H : S, G I : : 
t,HD:T,iF. 



t 



I 



PROPOSITION XXIX. 

4 the Hypotbenufe : R : : S, of tbePetpen* 
dicular : S, of the Angle at the Safe. 

[N the aforcfaid Triangles, we have S* IF : 
S,GF:: S, HD : S, GD. 

PROPOSITION XXX. 



•• Cof. of the Hypotbenufe : : T, of the ver\ 
■ Heal Angle : Cot. of the Angle at the Safe. 

IN the Triangles HIC, DF C, right-angled 
M i and F, and having the fame acute 
Angle C, becaufe D F is lefs than a Qua- 
font, we have S, C I : S, C F : : T, H I : 
I D F, that is, R : Cof. B C : : T, C : Cot. B. 

i The laft fix Propofitions are fufficient for 
blving all the fixteen Cafes of Right-angled 
Jforical Triangles. Thefe fiXteeri Cafes, with 
fair Analogies deduc'd from the faid Pro-. 
pofitioas, are as follow : 



Given 



4 a 



T^E 



LEME 



NTStff 



Given (Sought 

befides 

the 

Right 

Angle. 



3 



A C 

and C. 



and B 



Band 
C 



B 



"TT 



AC 



BA, 
C A. 



B A, 
BC. 



BG. 



i ■ i '— 

AC 



The Proportions. f 
Fid. Fig. to Prop. 25, 26\ 
27, 28» 29, 30. 



R:Cof. CA::S,C:Cof 
B of the fame Kind with CA 



By the 
Inverfe 
of Prop. 



Cof.CAt R;: Cof.B: 
S, C this is ambiguous. 




S,C:Cof.B::R:Cof.CA 

of the fame kind with the 

Angle B. 

R : Cof. BA:: Cof. A C : 



Cof. BC. IfBA, AC, be 2$, 19. 

of the fame Affettion, and and 20 
not Quadrants, then B C 
will be lefs than a Quadrant. 
If they be of a different Af- 
feftion, B C (hall be greater 
than a Quadrant. 

Cof. B A : R : : Cof. B C : 






BAT 
CA. 



MMi 



B. 



Cof. C A. If B C be left! 
than a Quadrant, then ftafl 
B A and C A be of the fame 
AfFeftion ; if greater, of a dif- 
ferent: but B A is given, 
and therefore the Species 
thereof: Wherefore the 
Species of A C is alfo given. 

S, B A: R::T,CA: T,|by£rop. 
B of the fame AfFeftion with|27 and 
theoppofite Side C A. |i8. 



by Jb*rop. 

25 and 
18. 
by Prop. 



J >■ ■ ^M UK 

by Prop 
26 and 

21. 



Given 
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Sought] 



ivtn 
befides 
the 
Right 
Angle. 



■MMMMI 

Te7 



k:S,BA::T,BVr,Ac 

of the fatrlc kind with B. 



8 



AG)B« 



9 



flLtyd* 



— A ^^ 



1 



AL>>C>* 



10 



¥cr 



AC. 



11 



The Proportions. 



by Prop. 




27 and 

18. t 

A:S,BAbyrrop. 

27. 



£1. 



T,B:R:I 

ambiguouSi 

R:Cof.Ci;t,BC;T,CA.]BvP'rop, 
If B C be lefs than a Qua- 28 and 
drant, the Angles C and B 
are of the fame Affeaieri, 
if greater, of a different. 
Therefore if the Species of 
the Angle B be given, then 

..111 A /-< U» „;,,an 

rat 



ax, 



v,v..~.-., -, ,- by Prop. 

And fo if the Angle C, and 28, ao, 
C A, beof the fame Affeftion, 
then BC (hall be lefter than 
a Quadrant, if of a different, 

greater. . — —->- , i, 

T,BC:R:: T,CA:tkJf. by Prop, 
G. If B C be. lefs than a -° -•"* 
Quadrant, then C A add 
BA, and confequently the 
[Angles, (hall be of the fame 
Affeftion, if greater, of a 
different, but the Species of 
C A is given. Therefore the 
Species of the Angle C will 
be alfo Riven 



28, an4 

21. 



F 2 



Giver 
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1 



1 



Given Sought 

befides 

the' 

Right 

Angle. 



12 



13 



*4 



BQB, 



The Proportions. 



•**«>■ 



AC,B. 



AC 



R:S,BC::S, B:S,AG 



by PropJ 



of the fame Species with BJ29, and 

18. 

BC. .S,B:S,AC::R:S,BC 



BC. 
AC. 



*5 



a 



ambiguous. 



S,BC:R: :S, AC:S,B by Pro 
of the fame Species with C A. 



B,C 



B C. 



T,C:R::CJot.B:Cof.BG 
And fo if the Angles B and 

C are of the fame Affe&ion, 
then (hall B C be lefs than a 
Quadrant, if of a different, 
{greater. 



by Prop^ 
19. 



29. 



me. 



\6 



\ 



B. R: Cof. BC:: T,C:Cot. 

* B. And fo if B C be leffer 
than a Quadrant, the An- 
gles C and B (hall be of the 
fame Affettion ; if greater 
of a different. But the Spe- 
cies of the Angle C is given ; 
therefore the Species of the 
Angle B will be given alto. 



by Pro] 
30, 19, 

and 20. 



by Prop! 
30, and 
3i. 



Of 
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Of the Solution of Right-angled 
Spherical Triangle^ $y the five; 
Circular Parts. 

TH E Lord Napier, (the Noble ^nyentor 
of Logarithms,) by a due Confideratio? 
of the Analogies, by which Right-angled 
fpherical Triangles are folv'd^ found out two 
Rules, eafy to be remembred, by means of 
ivhicb, all the fixteeo Cafes may be folved ; 
for fince, in thefe Triangles, beifides the 
Right Angle, there are three Sides and two 
Angles ; the two Sides comprehending the 
tight Angle, and the Complements of the 
Hypothenufe, and the two other Angles, were 
railed by Napier, Circular Parts. And when 
:hece are given any two of the faid Parts, 
ind a third is fought ; one of thefe three 
which is called the Middk-Part, either lyes 
between the Qtfcr two Parts, which are cal- 
led /tfjacent- Extremes, or is feparated from 
:hem, and then are called OPpefote-Extremes ; 
ro if the Complement of trie Angle B (fig. 
:o Prop. 25.) oe fuppofed the middle Part, 
:heq the Leg A B, and the Complement of 
:he Hypothenufe B C, are adjacent Extreme 
P^rts ; but the Complement of the Aqgle C, 
md the Side A C, are oppofite Extremes, 
Alfo if the Complement of the Hypothenufe 
BC, be fuppofed the middle Fart, then the 
Complements of the Angles B and C are ad- 
acent Extremes, and the tegs A B, AC, are 
)ppo(ite Extremes. In like Manner, foppo- 

fiflg . 
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fing the Leg A B the middle Part, the Cod 
piemen t of the Angle B and AC, are ad# 
cent Extremes ; for the Right Angle A doc 
not interrupt the Adjacence, bepaufe it is no; 
a Circular Part. But the Complement o 
$he Apgle C>, and the Complement of th 
Hypothenufe B C, are oppofite Extremes i 
the faid middle Part. Thefe Things pre 
imifed. 

R U L fe. I. 

In any Right-angled fpherical Triangle, t\ 

x Re&angle under the Radius, and the Sine i 

•„ the middle Party is equal to the Reiiartn 

under the Tangents of the adjacent Parts, i 

R U L E. II. ! 

* » 

The Re&angle under the Radius, and tb* Sin 
of the middle Part, is equal to the ReftanQ 
. : under the Cofines of the oppofite Parts. 

; . Each of the Rules have three Cafes. Fo 
the middle Part may be the Complement < 
the Angle B, or C, or the Complement < 
i the Hypothertofc :B C j or one of the JLe* 
AB,AC. * 

* * * i 

Cafe i. Let the.Compieraent of the Ansa 
C be the middle Part. Then lhall A C, aq 
the Complement of the Hypothenufe B ( 
be adjacent Extremes. By Prop. 38. the Cofij 
of the Vertical Angle C is to Radius, as tjj 
Tangent of C A, is to the Tangent of the Hi 
pothenufe B C Then ( by Alternation ) k 

(ha 
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fcafl have Cof. C: T, CA: : Rt T,BC. 

&ut R : T, BC : : Cot. BC : R. (as has been 
•efore (hewn.) Wherefore Cof. C : T, A L : : 
2ot. B C : R ; whence R x Cof k C= T, 
fcCxCot.BC. 
And the Complement of the Angle B,and 
B, are oppofite Extremes, to the fame mid* 
< Part, the Complement of the Angle C. 
ind by Prop. *5.) as the Cofine of the An- 
le C, to the Sine of the Angle C D F, fo 
i the Cofine of D F to Radius, But the 
ine of C D F=S, A Ej=Cof. B A, and Cof. 
F = S, E F ts; S,Angle B. Whence it 
ill be as Cof, C : Cof. B A: : 8, B: R. 
d Rx Cof. C = Cof. B A x 8, B; that 
Radius drawn into the Sine of the mid- 
e Part, is equal to the Re#angle under the 
fines of the oppofite Extremes. 

^ Cafe z. Let the Complement of the Hy» 
tothenufe B C, be the middle Part, then the 
Complements of the Angles B and C, will 
k adjacent Extremes. In the Triangle D C F 
by Prop, zj.) it is as S, CF: R: : T, DF. 
f, C. Whence ( by Alternation ) S, C F : 
r,DFt: (R: T, C::)Cot.C:R. But 
i, C F r= Cof.B C and T, D F= Cot. B. 
Wherefore R x Cof. B C 55 Cot. C X Cot. 
8 ; that is, Radius drawn into the Sine of the 
diddle Part, is equal to the Prod u ft of the 
tangents, of the adjacent extreme Parts, 

And A B, A C, are the oppofite Extremes 
It the faid middle Fart, viz. the Complement 
If B C J and (by Prop. %6.) Cof. B A : Cof. 

BC 
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B C : : R : Gof. A C. Wherefore we (ball 
have Rx Cof. BC = Cof. BAxCof. AG 

Cafe 3 . Laftly, Let A B be the middle Part 5 
and then the Complement of the Angle B* 
and A C will be adjacent Extremes, ( and by 
Prop. »7») S.AB: R: : T,CA: T,B. 
Whence, S, AB: T, CA::(R: T, B : :) 
Cot.B: R. And fo RxS,AB = T, CA 
X Cot. B. 

Moreover, the Complement* of BC, and. 
the Angle G, are oppofite Extremes to the ] 
fame middle Fart A B; and in the Triangle ! 
G H D (by Pfop. 2$. ) we have Cof. D : S, 
D G H t : Cof. G H : R. But Cof.D = 
Cof. AE = S> AB, and S, G ±= S, I F=: I 
S, BC. Alfo Cof. G Ht=S, HI — S, G 
Wherefore it wiU be as S, A B : S, B C : : S, 
C: R. And hence RxS,AB=S,BCx 

And fo in every Cafe the Reftangle under 
the Radius, and the Sine of the middle Part, 
(hall be equal to the Reftangle under the Co. 
fines of the oppofite Extremes, and to the 
Re&angle under the Tangents of the adjacent ' 
Extremes. And confequently if the aforefaid ] 
Equations be refolved into Analogies, (by 16: \ 
El. 6.) the unknown Parts may be found by ! 
the Rule of Proportion. And if the Part 
fought be the middle one ; then (hall the firft ' 
Term of the Analogy be Radius, and the fe- 
cond and third, the Tangents or Cofines of I 
the extreme Parts. If one of the Extremes 
be fought, the Analogy muft begin with the: 
other ; and the Radius, and the Sine of the 

middle 
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middle Part, moft be put in the middle Places 
that fo the Fart fought may be in the fourth 

Place. ( 7 

IN the Oblique-angled Spherical Triangle 
(Fig. to Prop. 3 1 ;)B C D, if a perpendicular 
Arc A C be let fall from the Angle C to the 
Bile continued, if need be, (6 as to make 
two Right-angled Spherical Triangles B A C, 
DACi then by thofe Right-angled Triaru 
gles, may moft of the Cafes of Oblique-angled 
o&es be folved. 

PROPOSITION XXXI.' 

The Cofines of tie Angles ft and D t at tie Safe 
BD, are proportional to tbt Sim of the 
Vertical Angles B C A, DC * 

F 



OrCof.AngleB: S, BC A:: (Cof.CA: 
R : :) Cof. D i S, DC A. tf; 25. of this.) 

PROPOSITION xxxn. 

7k Ofines of tie Sides B Cv D C, <w* pro* 
prtional to tbeCofines of the Safes ft A,D A. 

OR Cof. BC : Cof. B A : : (Colt C A : 
R: Cof.DC : Cof.D A.(fc *fc cftbts.) 



I 



t*ov<k 
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The Sines of the Safes BA, DA, are in a 
reciprocal Proportion of the Tangents of tbt 
Angles BandD at the M e B D. 

BEC A U S E {by 17. of this.) S, B A : R : : 
T, A C : T. of the Angle B. And by 
the fame inwrfely, R: S, D A: : T, of the 
Angle D : T, A C. Then will it be (by the 
Equality of perturbate Ratio, according to 
Prop. 23. B. 5.) S, B A : S, D A J : T, An- 
gle D t T, Angle B. . 

PROPOSITION XXXIV. 

the Tangents of the Sides BC, D C, are in a 
reciprocal Proportion of the Co fines of tbt 
Vertical Angles B C A, D C A. 

BE C A U S E by alternating the 28th Prop. 
we have 

T\BC:R. ::T,CA;Cof.BCA, 
andbythefatneR: Cof.DCA:: T, DC: T, 
C A. Wherefore by Equality of perturbate 
Proportion. 

T,BC:Cof.DCA:;T,DC:Cof.BCA. 

PROPOSITION XXXV. 

Tlu Sines of the Sides B C, D C, are proper- 
tional to the Sines of the oppofite jingles Di 
and B. 

BECAUSE by the 19th of Mt, S, BCt 
R : : S, C A : S, of the Angle B. And 

by 
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by the fame, inverting R : S,DC : : S, Angle 
D : S, of C A, whence by Equality of pertur, 
bateRatio,S f BC:S,pC; ; S,D: S, B, 

PROPOSITION XXXVI. 

In any Spherical Triable A BC,tbe Rett angle 
C F X A E, or F M X A % contained under 
the Sines of the Legs B C, B A> is to (he Square 
of the Radius, as I L or TA — LA the 
Difference of the Verfed Sines of the Bafe 
C A, and the Difference of the Legs A M, 
to GN 9 tht Verfed Sim of the Angle B. 

LET a great Circle PN be defcribed from 
the Pole B; and let BP, BN be Qua- 
drants, and then P N is the Meafure of the 
Angle B ; alfo defcribe from the fame PoIq 
B, a lefs Circle CFM thro* C ; the Planes 
of thefe Circles fliafl be perpendicular to the 
Plane BON, v (£y the idoftbis^) And PG, 
C H, being perpendicular in the fame Plane, 
fell on the common Seftidns ON, FM ; fup- 
pofe in G, H. Again draw H I, perpendicu- 
lar to AO ; and then the Plane drawn thro' 
CH, HI, (hall be perpendicular to the Piano 
A O B. Whence A I which is perpendicular 
to H I wifl be perpendicular to the Right 
Line CI, (by J>ef. 4. EL 1 1.) and fo A I is 
the Verfed Sine of the Arc AC, and AL the 
Verfed Sine of the Arc A M =: B M — . B A 
t=:BC— BA. Thelfofceles Triangles CFM t 
PON, are equiangular, fince M F, N O, as 
alfo C F, P O, ( by 16. El. 1 1.) are parallel. 
Wherefore, if Perpendiculars C H, P G bo 

G % draw® 
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drawn to the Sides FM, ON, the Triangles 
wiQ be divided fimilarly, and we (hall have 
FM:ON::MH:GN. AUb, becaufe the 
Triangles A O E, DIH, DLM, are equi- 
angu^r, we (hall have AE: A O : : I L : M B 

But it has been proved that F M : O N . 
MHjGN. Wherefore it (hall be as A By 
FM:AQxON::ILxMH: MHxGN, 
or as I L to G N, that is, the Reftanglc un- 
der the Sines of the Legs, is to the Square of 
Radius, as the Difference of the Verted Sine* 
of the Bafc, and the Difference of the Legs 
n C B A, is to the Verfed Sine of the Angle 

. W. W. D. 

PROPOSITION XXXVII. 

fbe pifference. of the Ferfed Sines of two. Arcs 
drawn into half the Radius, is equal to the* 
£e& angle under the Sine of half the Sum, ad 
the Sine of half the Difference of tbofe Ares. 

LET there he two Arcs B E, B F, whofe ! 
Difference E F, let be bife&ed in D j 
then (hall B D be the half Sum, and F D the 
half Difference of thofe Arcs. GE=IL 
is the Difference of the Verfed Sines of the 
Arcs B E, B F ; alfo F O is the Sine of the 
hajf Difference of the Arcs. And becauft 
the Triangles CDK, FEG, are equiangular, 
wehaveDK:GE:;(CD:FE::)*CD: 
fFE. Whence DKx*FE, or DKxFO/ 

wGEx|CD=ILx|CD,>W.W,D;J 

• "v D i 
FROFO, 



SphericalTrigonometry: o 

PROPOSITION XXXVIII. 

The Ferfed Sine of any Arc, drawn into the half 
tbe Radius, is equal to tbe Square of tbe 
Sine of one half of tbe fa\d Arc. 

TH E Triangles CBM, D E B arc equi- 
angular, fince the Angles at ]\f and E 
ire Right Angles, and the Angle at B is com- 
mon. Wherefore E B : B D ; : B M : B C. 
And then will EB x BC = B M x B E» ; and 
EBxiBC= BM xf BD = BMq. 

inr.w.a 

PROPOSITION XXXIX. 

h any Spherical Triangle ABC, wbofe Legs 
containing tbe Angle B are B C, A B, and 
$afe fuhteniing that Angle A C : If the Arc 
A M be taken = Difference of the Legs =2 
B C — A B. Then fball the ReB angle un- 
der tbe Sines of the Legs B C, B A, be ta 
the Square of the Radius, as the ReBangh 
under the Sine of tbe Arc AC + AM, and 
the Sim of the Arc 2 

A C — A M is to the Square of the Sine of 

2 

mehalf of the Angh\ Vid.Fig.toProp.3& 

BECAUSE theReftangle under theSines 
of the Legs A B, B C, is to the Square 
if Uadiusj as I L is to the Vcrfed Sine of the 

Angl? 
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Angle B, or as {■ R.xIL to HI. drawn inj 
theVerfcdSine of the Angle B ( by Prop, ji 
of this.) And fince f R. X I L be Rectangle n 
der the Sines of the Arcs A C -j- AM f as 

2 

AC^AM (by Prop. 37. of this.) And all 

2 
J R. drawn into the Verfed Sine of the Aug 
B is equal to the Square of the Sine of one ha 
of the Angle B. Therefore the Reftangle undj 
the Sines of the Sides to the Square of Radii 
ftiall be as the Rectangle under the Sines | 
the Arcs AC + AM and AC-AM, \t\ 

* 2 

the Square of the Sine of one half the Asa 

b. w. w. p. n 

1 



* 



I SPHERtCALTRIGONO^ETlLY. 

The twelve Cafes of Oblique-angled 
Spherical Triangles are as follow* 



IS 






i 



Given. Sought . 
Angle 



Angles 

B.D, 

bodBC. 



a 






make as . t 

R:Cof.BC::T,BiCot. j„ theOrU 
B C A, (by Prop. 30. of |iw/, the 
this.) Alfo Cof. Bt S,*"^[ 



prtiofi 

B G A : : Cof. 6Ts, D C A JJ fg . 

(by 3 1. of this.) Whefe- %: . x B: 
fore the Sum of the An- CotiTCA* 
glesBCA,DCA,ifthe 
Perpendicular falls within 
the Triangle, or the Dif- 
ference, if it falls without, 
will be— BCD. Whe. 
ther the Perpendicular 
falls within, or without 
theTriangle,may be known 
from the Affeftion of the 
Angles B and D (by 22. of 
this,) which Admonition 
ought to be obftrved in 
the following Solutions. 
Angles lArtgJe (R:Cof. BC : : T, B iCot'ttuPnp* 



.BCDjD. 

land the 

Side 

BC. 



BCA (Prop. 30. of this.) mm in the 
And S, B C A : S, D C A : : oripui m 
Cof. B : Cof. El (by Prop. Jf» «" 

31.) IfBCAbelefsthan^/ * 
BCD, the Angle D fhallrt* speein 
be of the fame Afleftion»/**« <*»!'« 
with the Angle!. If BC A l € £g 
be greater than the Angle j- j^p. 
B C D, then the Angles B 1 8. fni i* 
and D, (hall be bf a differ- 
ent Affeftion, bj the Con- 
verfe of Pntp.vt. Given 
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u 



Given. 



3 



The 
Sides 
BC, 
CD 
and the 
Angle 
B. 



Soughomake as 
"The R:Cof.B:: 



Side 
BD. 



CTT BA 

(by 28,ofthis.)andCon BC 
Cof.BA::Cof. DC.Col 

D A. (by 3 2. of this.) the SH 
and Difference of BAorDA 
according as thePerpeadicoi 
lar fells within, or withonj 
theTriangle,is equal toBD 
which cannot be Known, on 
lefs the Species of the Augl 
D be firft known. 



Sides 
BC, 
DB 

and the 

Angle 

B. 



The 
Side 
CD. 




Angles! The 
B, D, Side 
5 andttie]B D. 
Side 
BC 




(by *8 of this.)and 
Cof.BC::Cof. DA: Co 
DC (by Prop. 32; of this 
According as D A is fimils 
or diffiinilar to C A, or 1 
the AngleB DQfo flianp 
be lefs or greater than a 
drant, (by 19. and 20 of th 

R:Cof.B::T,BCl 

(by 28. of this.) And 1,11 
T,B: : S,BA: S,DA.(b 
33. of this.)ThcSum or Dt 
ference of which BA aj 
DAissBD. 

VL:Co£b:7t, Bt'ti 
B A, (by Prop. 28. of thi 

andS,DA:5,BA::T,l 
"", D. (by 3 j. of this.) A 
:ording as BD is greater 
efs than B A, the Angle 
Mbefimilarordiffimflar 
he Angle B.(by 22.ofthjj 

'■ m. 
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'^i'venJibughtknakfe as 



The 
Sides 
BC,. 
DC, 
and, the 
Angle 
B. 



& 



The 
Angles 



The 
Angle 



B, C^ 

* and* 
Side 
BC. , 



The 
'Side 
QC. 



Cof. BX;:ft::Coc. B:T, 
B G A, (by 50. of thi§.) and T, 
DC:T, BC::Cof.pCA: 
Cpf. DC A, (by 34. of this.) 
The Sum or Bifferenqeof the 
Angles BC A, D C A, accord- 
ing as the Perpendicular falls 
within, or without the Trian- 
gle,is equaltothe AngleBCD . 
Cof. B C *R : :Xot. B ; T* 




BC A,(by 30.of thisO AlfcCofc 
DCA:Cof.BCA::T,BC* 
T,DC,(hy34.Qftha) If the 
Angle D.CAbj?fimilar to the 
Angle B(that is, if A D be fi- 
milarto C A,) then DC (hall 
be Jefs thaa a Quadrant. If 
theAnglesDCAandBljedif. 
fimilar,then DC (hall begrea* 
tcr than a Quadrant, which 
follows (fe>m Prop. 18, 194 
and 20. of this,} 

The" S, C D: S, B: : S, KC ; S^ 
Anglq D, whicbi it A'tabiguous^ 
flhe Analogy foBtay fron^ 
Fr°Ph 35- ctf this. 



The 
AngleslSide 



—f 



•r—e 



TT 



i, D: S, BC:: S, B: 9* 



Side S, D : 
B, p, D C ; p C, which Side is, A^bjk 



fdandthc 

side. 

BC. 



guous. 



$7 



H 



» 



S 8 



Tfte Elimbnts 



f 



II 



Giv,en. 



fought 






All the 

Sides 

AB, 

BC, 

C A. 

f7JL 

/%» 
Proa. 

3(5. 



The 
Angle 
8. 



T"""^ 



12 



• 

r. 



All the 
Angles 
G, H, 

a 

14. 



.■ 



The 
Side 
G p. 



make as 

\s theRcttangle under th 
Sines of the Legs A I 
B C : The Sauare of R 
dius: : the Reuangle und 

AC-fA* 
:heSinesof the Arcs 

2 

AC^AM 
snd— : the Squareof t\\ 

Sine of * the Angle B, (b 
Prop. *9- 



1 
f 



^ 



In the Triangle XN1Vf,tl 
Arc M N is the Compli 
ment of the Angle G H 1 
to a Scqiicirclc. X M i 
the Complement of the Ar 
gle G, and X N the Cott 
plement of the Angle 1 
And the Angle X, the Con 
plement of the Side G.Dti 
a Semicircle. Wherefore 
the Angles be changed int 
ides* and the Sides into A 
les, the Operation will 
the f^Tie, as in Cafe 11, 
this, fince Arcs and tbei 
Complements to Semicircle 
have the fame Sines. 






*m 
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foilozvifig REMARK ty 

Samuel Cun. 

rHAT this is true* but in d particular. 
Cafe, viz. when two of the Angles of 
be Triangle are Right ones, and two of the 
ides Quadrants* may be thus demonftrated. 
for if poffibic, let forae Triangle R S T, Fig. • 
>Prop. 14th be fuch, that its Sides RS, ST, 
R, be equal to the Meafures of GHD, 
GD, GDH, the Angles of a Triangle 
HD ; and alfo, that the Meafures of 
ST, STR, TRS, the Angles of the 
ritagle RST, be equal toGftGD, 
ID, the Sides of the Triangle GHD* 
nd produce M X, M N> two Sides of the 
Ippferaental Triangle to Semicircles* and 
ley win meet fome-where, fuppofe at E ; 
id there will be conftrofted thereby the Tri- 
ple N E X, of which X E (the Supplement 
XM, which, by the 14th Prop, was the 
fipplement of the Meafure of the Aftgle 
GD) is equal to the Meafure it felf of 
eTame Angle H G D : And in like man* 
*, N E (the Supplement of N M, which* 
! the 14th Prop, was the Supplement of the 
afure of the Angle G H D) is equal to the 
Jcafure it feif of the lame Angle GHD. 
h the third Side X N, is not the Meafure 
* the third Angle GDH, but its Supple^ 
fait, by the 14th Prop. Moreover, of the 
LogkEXN (whofe Supplement hNXM) 

Ha tbe 
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the Meafure, by the 14th Prop, is equal t< 
L D ; and pf the Angle X N E, (whofe Sup 
leruent is MN.X) the Me&furc,l?y the i4d 
Prop, is equ<tf to H D. But of the thin 
N E X, (which is equal to N M X) th 
Meafure is riot equal to G H,'but its Sup 
Jrietnent. 

Now make N V^RTrsBK, thcMea 
fare of the Angle G D H, and draw the great 
Circle E V. And fince R S, by Suppofition 
is equal to the Meafure of the Angle GHD 
which is equal to E N ; and fince the Mea 
fure of the Angle SRT, is by Suppofition 
equal to D H, which is alfo equal to th 
Meafure of the Angle XNE; the AngI 
X N E, is equal to the Angle R. Then con 
fequently* by the 4th Prop, the Triangle 
S R T* E N V, will have the Bafe S T, equa 
to the Bafe EV; the Angle T, to the An 
gle N V E, and the Angle S, to the Angl 
N EV. But S T, (which is equal to E V, 
by Suppofition, is equal to the Meafure 
the Angle H6D; to which Meafure XI 
is alfo equal. Therefore, EV is equal t< 
X E ; And confequently, by the 7th Prop 
the Angle EVX is equal to the Angli 
E X V ; and the Angle E X V (whofe Mea. 
fure, as hath been (hewn above, is equal to) 
G D) is equal to the Angle T, (or N V E>; 
fince by Suppofition, the Meafure of this ii 
alfo equal to GD. Therefore the Anglt 
E V X, is equal to the Angle E V N* and fc 
both Right ones; and confequently EX V a 
Right one alfo. Therefore, by the 2d Cor. to 
the 2d Prop. EV and EX ar« both Qua*, 
draflts* But 



I 



a?? 6b. 
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^V 


a 
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But. if E V be a Quadrant, and at Right 
Angles toNX, then E, by 2d Prop, and its 
ml. is the Pole of N X ; and lb E N a 
Quadrant alfo,and tHe Angle EN V a Right 
me. Therefore, if the Sides of a Triangle 
iNEV, or its Equal) R ST, are equal to 
he Meafures of the Angles of fome other 

Eriangle GHD, and the Meafures of the 
ogles of the former, equal to the Sides of 
he latter ; two Sides of fuch a Triangle 
1ST, or GHD, muft be Quadrants, and 
too Angles of each Right ones. «. 
Therefore, if a Triangle R S T be ^on- 
tofted, whofc Sides are equal to the.Mea- 
tos of the Angles of another Triangle 
r H D : The Meafures of the Angles of the 
riangle R S T, (hall not be equal to the 
Mes of the Triangle GHD, unlefs in the 
tee Cafe before-mentioned. Therefore the 
fetfures of the Angles of the Triangle 
»HD, ufed as the Sides of a Triangle in, 
he nth Cafe, will pot. gyre us a Side of 
7 H D, but the Meafure ofan Angle of the 
riangle RST, unlefs in the one aforermeiu 
poncd Cafe ; which was to be demonftrattd. 

! But to find a Side G D of a Spherical Tri- 
tngle GHD, whofe Angles are all given, 
Produce M N, that Side of the fupplemental 
Triangle, which is equal to the Supplement 
t the Meafure of G H D, the Angle oppo- 
ite to the Side fought, and M X, either of 
he other SidcS till they meet, as in E. And 
here, as hath been before (hewn, the Sides 
tX, EN, of the Triangle EX N, are: exaftiy 

equal 
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equal to the Measures of the Angles HGt), 
G H D, of the Triangle G H D ; and of 
the Angles E X N, E N X, of the Triangle 
EXN, the Mcafures are ecjual to GD, 
HD. But the Side XN is equal to. the; 
Supplement of the Meafiire of the Angle 
G D H. And of the Angle X EN, ttiei 
Meafure is equal to the Supplement of &H 

Therefore the S o l u t i o tf is thus : 

Change one of the Angles G D H, adja; 
tent to the Side fought into its Supplement ; 
and then work with the Meafures of the An* 
gles,as tho* they Were Sides, and the Refulti 
will be G Df the Side fought. 

The preceding Fault, as well is the Orail 
fions hcreafter-mention'd, are not peculiar t< 
our Author ; but may be found in Dt. Har* 
ris, Mr. CafweB, Mr. Heyms f zxid many oth< 
Trigonometrical-Writers. 

In the Solution of our 8th and pthCstfc^ 
they have told us, that the Jfydfita are Am* 
biguous ; which fotiletimes, indeed, is true, 
but fometimes alfo falfc : Therefore, as | 
conceive it, they ought to halve laid dowri 
Rules, by help of which, we might difdovctf 
when the J%u*fita are Ambiguous, and 
when not. 

This Over-fight may be corrected by th< 
following Directions : Wherein, becauft^rei 
Sine correfponds to two Arches, to one 
than a Quadrant, and to another, which 1m 

the 
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jfte Supplement of the former to a Seraidr- 
3e, (a true Diftin&ion of which, of thefe are 
o be ufed, being neceffary to be known, be- 
)re a proper Solution can be given, to fuch 
toblems as thefe are,) I (hail beg leave, for 
reyity-fake, to call the leffer Arch the Acute 
alue, and the greater the Obtufe j whether 

rSine be of an Angle, pr a Side, 
the tenth Cafe, there we given two Angles 
B,D, and BC a Side oppofite to one of 
tbofe jingles D, to find J) C the Side oppo* 
fite to the other. 

rO the Acute Value of D C, and alfo to 
its Obtufe one, add B C ; and if each 

' thefe Sums are {f^ ater l than a Semi- 
jrcle, when the Sum of the Angles B, D, is 

fer Cr J than two Ri 2 ht An 8 les J both 
Values' of DC may be admitted, and 
n is Ambiguous : But when only one of 

>fe Sums is {fjft tCf } than a Semicircle, 
ily one Value of D C can be true, viz, the 

Acute* f on * > and thcn is not Ambi guous, 

P the ninth Cafe, there are given two Sidei 
; BC, D C, and one jingle B, oppofite to DC 
! «« of tbofe Si .'#*, to find D t be Jingle op* 
\pofite to tbe other. 

rO the Acute Value of D, and alfo to 
p. |ts Qbtufe Value, stfd B } and if each 

of 
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of thcfe Suras is {§f ^J tha « two Right 
Angles, when the Sum of the Sides u 

{feft ater } than a Semicirck ;>oththc Va 
lues of D may be admitted, and confequcnt 
ly,D is Ambiguous : But when only one ol 

thofc Sums % is {f e ff tCF } thaa two Ri S hl 
Angles, only one \falue o f D is true, v/z. the 

JJ^te^one ; and then not Ambiguous. 

Nor are we better ufed in the firft Propo. 
fitipn ; for tho' it is determined by^the gl 
ven Angles, whether the Perpendicular feft 
within or, without the Triangles, y C t in eacl 
of thofe Varieties, the Outfit a will be fome, 
times Ambiguous, and fometimes not. 

* 

hi this firft Propofition, there are given tm 
Angles B, D, and B C, a Sideyoppofite to D 
one of them, to find C.tbe ttyird Angle. 

x. Let the Perpendicular fall within ; tha 
is, let the given Angles be of the fern 

* Species. - 



\ 



TO the Acute Value of DC A, and all 
to its Obtufe one, add the Angle B C A 
and if each of thefe Sums is lefs than tw 
Right Angles, then either the Acute- Valt 
<?£ DQ A, ox its Obtufe one added to BCi 
gives a Value pf B C D> ; which^ therefoi 
is Ambiguous. And when only one of the 
1 ' Sun 
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Quills is iefs than Wo Right Angles, the 
Acute- Value bf DC A, added to BCA, 
gives the only Value of B C D ; which thcii 
fs not Ambiguous ; tho' in both Varieties, 
the Perpendicular fell within* 

%. Let the Perpendifcular fall withdut ; that 
is, let the given Angles be of different 
Species; 

WHEN the Obttifc-Value of the Angle 
DC A is lefs than the Angle BCA, the 
Angle iCD may be had by fubtra&ing 
tither Value bf DC A from BCA ; and 
then B C D is Ambiguous. But when the 
Qbtufe- Value of DC A is not lefs than 
^B C A, the Afcutc-Value of D C A, takeri 
from BCA, gives the fingle Value of B C D ; 
tthich therefore is not Ambiguous ; tho' iri 
both Varieties, the Perpendicular fell without. 



..-* 



In the fifth Cafe, iPe He inder ^ the farne Mir. 
fortune, where there are given, as in the 
fir ft, the Angles B, D, and the Sidie B C, 
to find BD, the Side tying between thofe 
given Angles. 

U When the Perpendicular fells within ; 
that is, wheh the given Angles are of the 
fame Species. 

TO the Acute-Vaiue of D A, and fo alfq 
to its Obtufe one, add B A ; and if 
feacfe of theft Sums is lefs than a Semicircle, 
then cither the Acute-Value of D A, or its 

i ; Obtafc 
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Obtufe one, added to BA V gives- the Vqhrf 
bf B D ; which thence is Ambiguous. And, 
when cfnly one of thefe Sums is lefs than a 
Semicircle, the Acute-Value of D A, added 
to B A, gives the only Value of fi D ; which 
then is nor Ambiguous ; tho' in both Va- 
rieties, the Perpendicular fell within. 

i. When the Perpendicular folk , tvithdut j 
that is, when the given Angles are of dif- 
ferent Species. 

W tt E N the Obtufe- Value of D A is lefs 
' than B A, B D will be had by fubtrafting 
either Value of D A from B A ; and then 
J5 D is Ambiguous. But when the Obtufc 
Value of D A is not lefs than B A, the Acute 
Value of D A, taken from B A, leaves the 
only Value of BD ; which therefore is not 
Ambiguous ; tho* in both Varieties, the 
Perpendicular fell without* 

In the third, we have the fame OmiJJion ; wberi 
there are given two Sides B C, CD, *^' 
B, an Angle oppofite ^CD One of them, t* 
find the third Side B D. 

IRST, we may obferve, that the Species 
of D A is always known ; for it is of 

{J* fa£t} Affcftion with the An S lc * 
when D C is {g r ^ ter J- than a Quadrant 
And, / 

■ 

If A D he lefs than A B, and alfo the Sunt 
of A D and A B lefs than a Semicircle ; tim 

. . Aft 
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AD, either added to, or fubtrafted from 
A B, will give the Valus of B. D, whipht 
therefore, is Ambiguous. 

But if AD he not lefs than A B, or ff 
their Sum b? not lefs than a Semicircle ; 
then their Simf, in the former, and their 
Difference in the latter "Variety, (haD give 
one fingle V^lue of 1$ D, and then i$ no? 
Ambiguous, 

The feventh Cafe much refembks the third j 

\ for there are given two Sides BC, CD, 

and B, qn Angle j oppofite ta CD one of 

thern ; to find the Angle B C P> tyty be* 

tween thofe two Sides. 

AND here we may obferve, that the 
/jl Species of the Ang;le DC A is known j 

for it is of {J d|ft™nt} kind with the Aiu 

file B, when P C i* {grater} than a Qua ^ 
drant. And, 

If D C A be lefs than B C A, and the 
Sum of D C A and B C A, lefs th^n two 
Right-Angles ; then, D C A either added 
to, or fubtrafted from B C A, will give the 
Angle BCD; which therefore is Arnta-* 
guous. 

If D C A be not lefs than B C A, or the 
S,um of D C A and B C A, not lefs that* 
two Right-Angles ; then thei? Suip. in the* 
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former, and their Difference in the latter Va- 
riety, (hail give the Single- Value of RCDJ 
which then is not Ambiguous. 

<jV. B. If any one will be at the Troiublc to 
iriake a double Calculation for the Sidf 
DC, or the Angle D, as taught in tbf 
Remarks on the 9th and 10th Cafes, thq 
Will find the feveral Varieties in the ill, 
gd, 5th, and 7th, to be as here laid dowa 
in thefe eafy Rules. 

%ht Truth of thefe Rules may be eafily de# 

* duced from the 10 1\ i$tb 9 i8f£, and 2*4 

frop. of tbis> and the id> 8**, and 13$ 

^Examples, following Prop. 30. of thiu \ 

Jn our third Cafe of Oblique-plain Triangtei 
1 our Author (hould have added this. 

If A B be left than B C, the Angle A fy 

Ambiguous, otherwife not. < 
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fcmi Cuntfs Observations on the 
preceding Trigonometrical 
Tra6t 



<\ 



[find our Author, as well as Dr. Harris. 
Mr. Cafoeff, Mr. Heynes 9 and others o$ 
:he trigonometrical-Writers, is miftaken ia> 
bme of the Solutions. 

That the common Solution of the i2tl| 
"4* of Qblique-Spheric's is felfe, I have 
[emonftrated, and given a true op$. S& 
^59. 

In the Solution of our pth and ipth Cafej^ 
ff Qther Authors called the ift and 2d, 
?teye are given and fought oppose Farts, 
tot oaly the afore^mention'd Authors, but 
8 others, that I have met with, have told 
V that the Solutions are Ambiguous ; 
rtych Doftrine 1$, indeed, fometimes true, 
*t fometimes felft ; For fometimes the 
$jufttnm is doubtful, and fometimes not j 
nd when it is not doubtful, it is fometimes; 
ireater than 90 Degrees, and fometimes 
*fs : And fure, I fbaD commit no Crime, if 
afl^rm, that no Solution can be given with, 
ut a juft Diftipftion of thefe Varieties 
for the Solution of thefe Cafes, £e my 
%a " " >w at Fqres 6i % 6^ 




la the Solution of our 3d and 7th Cafes^ 

X Other Autfao^ ^ckop'dL tiwj4 v> d 4*W 

whef$ 



7Q & CunnV POSTSCRIPT, 

where there are given two Sides and an A 
gle oppofite to one of them, to find the j 
Si<le, or the Angle oppofite to it ; afl tl 
Writers of Trigonometry, that I have m 
with, who have undertaken the Solutions i 
thefe two, as weB as the two following Caft 
by letting fell a Perpendicular, which is u 
doubtedly the fhorteft and beft Method i 
finding either of theft £ji*fita 7 have tol 

us, that the {jEXencej of the Vertl 
Angles, or Bafes, (hail be the fought Angle 
or Side, according as the Perpendicular fail 

? without \ which canhot be known > u&1 ^ 
the Species of that unknown Angle, which is 
oppoute to a given Side, be firft known, 

4 k 

Here they leave us firft to calculate tm 
unknown Angle, before w6 fhaB know whei 
ther we are to take the Sum, or the Differ 
ence of the Vertical-Angles or Bafes, for the 
fought Angle or Bafe : And in the Calcu- 
lation of that Angle, have left us in the dart 
as to its Species ; as appears by my 0.bfer< 
vations on the two preceding Cafes. ' 

The Truth is the gutfitiim here, as wl 
as in the two former Cafe*, is fometimes 
doubtful, and fometimes not ; when doubc 
ful, fometimes each Anfwer is lefs than ;$p 
Degrees, fometimes each is greater ; bi* 
fometimes one lefs, and the other greater, ai 
is the two laft mention'd Cafes. ' When it i 
pot doubtful, the gutfitm fc fonwjtimei 

greaw 
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greater than 90 Degrees, and fometimes lefs. 
All which Diftin&ions may be made without 
mother Operation, or i he Knowledge of the 
Species of that unknown Angle, oppofite to 
1 given Side ; or which is the fame thing, 
:he falling of the Perpendicular, within or 
without. For which Tee my Directions at 

In the Solution of our tft and 5th Cafei^ 
ailed in other Authors, the 5th and 6th ; 
£here there ire given two Angles, and a 
«de oppofite to one of them, to find the 3d 
Ingle, or the Side oppofite to it ; they have 

old us, that the {Su m renc J of the VertU 
Si Angles, or Bafes, according as the Per.* 

tendicular ^^{wjjhout}* 311 be the fou S hc 
Ingle or Side ; and that it is known whe- 
her the Perpendicular falls within or with* 
»ut, by the AfFeftion of the given Angles. 

Here they feem to have fpoken, as tho* 
he gutfitum was always determin'd, and 
lever Ambigubus ; for they have here de- 
ermined, whether the Perpendicular falls 
vithin or without, and thereby whether 
hey are to take the Sum, or the Difference 
if the Vertical-Angles or Bafes, for the 
ought Angle or Side. 

But, notwithstanding thele imaginary De-l 
prminations, I affirm, that the Jguafetum 
fere, as in the two Cafes laft mentioned, is 

fome* 
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•fometimes Ambigubos, and fometimcs m 
and that too, whether the Perpends 
fells within, of whether it (alls wi|| 
See my Solutions of thcfe two Cm 
i^t 64, 65. 

The Determination of the %H Cafe i 
bbliqoe-Plain Triangles. See in Taff 66. 
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Apfendi: 
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APPENDIX 

By another Hand: 

Containing the Elements of Aftro-i 
nomy, by the r Solution cf Sphe- 
rical Triangles upon the Globe. 

WHERICAL Triangles are 
1 bed reprefentedbytheCirclea 
I on, and thofe appendant to the 
Globes. The Globe being the 
Original,from y/heateaU Sphe- 
rical Trigonometry proceeds, 
I and upon which the Sides and 
Angles of aD Spherical Triangles are mod 
naturally repfefented, and moft Expeditiously 
tncafured. . , 

Moreover, as the fthole Art of Navigation, 
wflether by plain, Mereator's or ■ Wright's 
Sailing is but the Solution and Application of 
the Doftrine of Plain Triangles : fo Ajtrono-, 
my is the bare Solution and Application of the' 
Do&tiue of Spherical Triangles. 

K fir 
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For as the Poet fay's. 

Cun&a Trigonus habct, Satagit qu« dofti 

( Mathefi* 
IDc aperit Claufum quicquid Olympus habct. 

1$ Trigonometry enclofed lye, 

Afl the Grand Secrets of Aftrommy* 

« 
* 

But before the Ptaflife, tt will be neceffary 
to premife fome general Definitions, and ne* 
ceffary Explanations of the Agronomical Cir* 
cles and Terms hereafter ufed. 

Firfi then. 

1. A Globe is a round body, every part of 
whofe Surface is equidiftant from a point 
within it, called it's Center. , 

It may be conceived to be formed by the 
revolution of a Semicircle, round it's piame- 
ter. Every point in the Circumference of the 
generating Semicircle in it's circumvolution 
upon it's Axis or Diameter, marks out a Cir- 
cle in the Surface of the Globe ; whofe Cir- 
cles are greater or lefs as they are more re. 
mote from, or nearer to the Extreme points 
of the Axis, which are caB'd it's Pbles. 

2. A Great Circle equally divides the Globe 
into two Hemifphercs and has the fame Ceo* 
ter with it. 

The 
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The tnoft remarkable Gwt Circles are 
(hefe the 

Equator or EquinoftiaL 

Horizon. 

Meridian. 

Ecliptic. 

EquinoBiaf CoUre. 

Solftitial Colure. 

Azimuth or Vertical Circles. 

3. The Equator > by Sailors emphatically 
called the£/»*, is-equidiftant from the Poles 
of the World, which are alfo it's Poles, it Di- 
vides the Earth into N°. and S°. Latitude, on 
it is reckoned the Longitude of places, and from 
it their Latitude is counted: The Equinotiialis 
it's correfponding Circle in the Heavens, cuts 
always the Horizon in the Eaft or Weft Points, 
and divides the CeleftialG/06* into N°. and S\ 
Declination : on it is reckoned Right Afcenfion % 
and from it the Declination of the ©, j> , or 
Stars, it is graduated from iq. 20, to 36b, and 
reprefented in Plate 5. by the right line MO* 

4. The Horizon is a broad, wooden Circle, 
dividing the Globe into two Hemifpheres ; 
the upper and vifikle, which we fee, from the 
lower and invifible, which we fee not, on it 
are the points of the Compafs, Days of the 
Month and Signs, by this Circle is determin- 
ed the Rifing and Setting of o, j> or Stars : 
on this we count their Amplitude Azimuth and, 
O's place every day in the Year : from it are 
counted the Almicanters or Parallels of AU 

K 3 titude ; 
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titude ; it's Poles are the Zenith or Nadir, 

H X O, in Plate 5, reprefents the Horizon. 

. • . 

K. The Meridian is a hroatl hraft Circle, 
paffing thro' the Poles of the Horizon, and 
Poles of the World ; eroding both the Equi- 
noctial and Horizon at right Angles, and di- 
vides the Globe, into the Mafiern and Weftern i 
flejnifpherts, it's Poles lie in the E. and W. 
Points of the Horizon^ in this Meridian and \ 
the Horizon the G#fo hangs and turns, it's 1 
graduated into four Nineties, on it is reck-; J 
oned the Latitude of places, the Declinatio* 
and Mtridi/w Altitude of , p or Stars, an4 
fjrom it the Lqngitude of places and hour from 
Noon, 'tis reprefeoted in Plate 5, by tlje out. 
moft Circle, & Z P H Q N S (X 

. 6, The Ecliptic cuts the Equiw&ial at An- 
gles of 23 ? . 2'p ; therefore it?s Poles are dift- 
ant from the Boles of the Eftuinoaial 13°. 
a?', 'tis divided ujtou Signs each 3Q°.on ei- 
^herSideof thtEc Hptic,about 8. Degrees off are 
two parallels which make the Zodiac or bounda- 
ries of the Planets. The Ecliptic divides the 
Celeftial Qkb§ into N°. and SJ?. Latitude of, 
D or Stars. Qn it is reckoned their Longi- 
tude, and /ro« it their Latitude 'tis reprefent. 
qd in Plate 5. by © A V , •••'•- 
■ • ■ ■■ ■ * ■■■ , , , 

7. The. JS^Jf %ff w/jColure is t-hat Meridian, 
ipnich cutteth the EquinoUial at right An- 
gles in thofe two, Points, where the Ecliptic. 
Qro|es the. Eauineftial in r and a, and fa- 
ff^ thro ' , thc Pol «* oftht World, in Plate 
* 'tis reprefented by P£S. - 8. *he> 
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$. The Solftitial Colure is that Meridian 
vhich cutteth the Equinodial Colure, the 
Iquinoftial and the Ecliptic, all three at righi 
togles, and paffes thro' the Ecliptic y where it; 
ouches both the "tropic's in © and v?. iThe 
utmoft Circle in Pfcte t.&ZllHQNSO, 
sprefent? it. 

9. The Azimuth or Vertical Circles all pa ft 
iro' the Zenith and Nadir at right Angles 
>the Horizon: as the Meridians pafs tnro* 
ic Poles of the World at right Angles, to 
le $qttino$iaI\ th^t Azimuth Circle, which 
ifles thro v the E. and W.' point's of the Afe 
zon is called the Prime Vertical reprtfentedf 

Plate 5. by ZXN. The' Azimuths ar$ 
)t drawn on Globes, but are reprefented by 
!<• Quadrant of Altitude, skrew'd on the 
tkith which reaches t;o the Horizon, and is 
vided into'90 . for numbring the! Degrees of 
Ititude, when the o, j> or Stars are not on 
e Meridian. 

10. A Smaller Circle divides the Globe in* 
two unequal Parts. The chief ar? the 1 
irallels of. 

Declination^ 

Altitude.' 

Latitude 

1 

i 1 . The Parallels of, Declination are aft tho^ 
f Circles on the Globe, which are drawn 
rallel to the Equino&ial. Four of which 

; moft noted. The two Troptft of ® tytii 

1* 
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Mf at 23 . 29' (torn the EquinoBial both waj 
and are the bounds of the ©'s greateft Dea 
nation N°. and S°. markt in plate 5. ® « 
V} y?. Alfo the 2 Polar Circles, as far diftai 
from the Poles of the World, as the Tropi 
are from the EquinoSial, that next the N 
Pole called the Artie, and that next the S 
Pole cafled the Antartic Circle, both whit 
are bounds of the 2. frigid Zones, as the Tr 
pics are of the Torrid Zone, betwixt tl 
Torrid and the Frigid lie the two Tempera* 

12. The Parallels of Altitude are all thol 
Zefs Circles, which are parallel to the Hon 
zon, reprefented by the feveral Degrees of t^ 
£u/idrant of Altitude moved about parallc 
to the Horizon called often Almicanters. ' 

J 

13. The Parallels of Latitude on the Tei 
rejirial Globe, are the fame as Parallels 
Declination on the Celeftial; both being pa 
rallel to the Equinoftial : but Parallels <s 
Latitude on the Celefiial Globe, are thol 
Smaller Circles parallel to the Ecliptic, am 
reprefented by the degrees of the Xuadran 
of Altitude, skrcw'd on the Poles of the 1 
cliptic, and moved parallel to the Ecliptii 
The faid gjiadrant reprefenting then th 

^ Circles of Longitude of the Stars. 

14. The Principal Pointsare the Poles of tb 
World, or of the Equinoftiah 
Horizon. 
\ Meridian. 
•Ecliptic, 



APPENDIX 19 

EquinoBial Colure. 
Solftitial Col are. 
Prime Vertical. 

1 5.The Polesdi the Wbrtd, ot oithtEquinoSUt 
ring the fame, are the two points on which 
be Globe hangs and turns within the Brazen 
(eridian and Wooden Horizon : from one of 
fhich to the other, there pafles a ftrait line 
bro' the Center of the Globe called the Axi s 
\ the World, in thefe two all Meridians 
leet t in Plate 5, they are markt P* and S. 

16. The Poles of the Horizon are called the 
f mtb and Nadir 9 markt in Plate 5, Z. and 
I. the Zenith is that point in the Heavens 
ireftly over our Heads: and the Nadir is 
le contrary, direftly under our feet, in thefe 
vo do all Azimuth or Vertical Circles meet. 

17. The Poles of the Meridian are the 
wnts of Eaft and Weft, where the Equi- 
)ftial cuts the Horizon and are reprefentcd 
1 Plate 5* by the point X. the other being 
ivifibie, being diametrically oppofite. . 

18. The Poles of the Ecliptic are 23 d . 29' 
iftant from the Poles of the World, in which 
vo points the Circles of Longitude of the 
tars do crofs each other, which Circles are 
jprefented hy the Quadrant of Altitude 
trew'd over the Pole of the Ecliptic* 

19. The Totes of the Equimftid Otlnre 
r iE. Q. where the Solftitial Colure crofles 

K EquiooOial. Aud, a©. The 
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20. The Poles of the . Solfiitial Colure is 
Jt. where the Equihofttal Colure croffes tty 
EquinoBial and Ecliptic in r and £:, whidj 
four poles are Cardinal points, and divide tU 
tear into 4 Quarters, the 

$pring when 6 appears in r 

Summer * 

1 /iutumn a 

Winter ^ 

ii. The two Solfiitial points art ® aniijj 
Where the Ecliptic touches the 2 Tropicij 
Which the appears to do, when the daj 
are longed or (hotteft, and caufes them to ftai 
Sill a while, Without a Serifible lengthnii 
or fliortning, for th£ fpacc of 10 tfr 1 2 days) 

.22. The Poles of the Prime Ver thai an 
flie N\ and S°. points of the Horizon, thro 
which the Brazen Meridian paffes. 

* * 

23; The Aftronomical terms foBotfiflgi 
rthich need Explanation are. { 

Declination O'j Pofition 

Amplitude &*&pf Afcenfion 
Altitude Oblique Afcenfion 

Azimuth and 

Latitude Jfcenfiondl Different 

\Longitud&: ; 

• . . ■ ■ * '"'i 

24. Declination is an Arch of the MrtidiA 

between the Equinoctial and the Star broi# 
tp ; tW MridiAn i ini& ii either N°. or S*^ 
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25. Amplitude is an Arch df the tforizon 
ktwecn the Eaft or Weft-points thereof, and 
the Star brought to the Horizon, and i$ either 
)mw when the Star rites* or Occidual when 
:he Star fctt. 

26. Altitude is an Arch of the £ua£rtiit 
f Altitude, between the Horizon arid the Star, 
wrought to the guadHrits Edge, whefl skrew'd 
in the Zenith. 

27. Azimuth is an Arth of the Horizbn be; 
ween the Meridian and the Stars Vettical % 
epreftnted by the Quadrant on the £**&£, 
fhen laid over the Star. 

» • . 

(ttr By Star,in thefe 4 laft Definitions under- 
tand © , j , Star, or any joint in the " 



a8. Latitude is either Ctf*/*ii/ or terrefirid. 
ZleftiM is the ncareft diftancc of a Star from 
he Ecliptic, meafur'd by a Circle of Longi- 
ode represented by the gjpdraai of Jltu 
ude, liid over the Pole of the Ecliptic and 
he Star, and is either N*.dr S°. a» the Star 
1 Situate. 

Latitule oh the Terr'efiridl Globe, is the 
leareft diftance of a place from the Equator, 
neafured by an Arch of the Brazen Meridian 
ietwecn the Equator and place, when brought 
6 the Meridian, which Latitude is always 
qual to the ]Etef atfcfa- of the Pole ibove the 
fori ton-, becauft it's Complement added to 
acb, win fl»k« cither of than Exaft Qua; 

li drants. 
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drant&r 'Tis alfo cither N°. or S*« according 
to the Situation of the Place. 

ip. Longitude is either Celefiial or Ter* 
reftrial. Celeftial* as the Longitude of the 
is it's place in the Ecliptic. And Longitude 
of a StaPj. is an Arch of the Ecliptic, between 
V and that Circle of Longitude which paifes 
thro' that Star; rcprefented by the Edge of 
the J&adrarit, skrew'd over the Pole of the 
Ecliptic j and laid over the Staf. 

» • e 

Longitude of a place on the Terfeftrial Globe 
i$ an Arch of the iquator between the firft 
Meridian, and the Meridian that paffes thro' 
the given place, reprefentcd by the Brazen 
Meridian, when the place is brought to if. 

* • 

30. The Angle of the ©'$ Pofition H form'd j 
by the Concurrence of two great Circles at 
the point of the ©'$ place in any Spherical 
triangle. 

' % I. tight Afcenfioriy is ail Arch of the Equu 
no&ial, reckoning towards the Haft from y. 
to that Meridian, which paflcs thro' the 
or Star. 

34. Oblique Afcenfion is an Arch of the Eqni* 
noSial, reckoning towards the Eaft, from r. 
to that point, which rifes With the © or Star 
in an Oblique Sphere. 

^ 33. JfienjionalDitkrence is the Difference 
in Degrees, between the High and Oblitit 

AfceflifoA 
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Afcenfion aforefaid, which reduced fnto time, 
is the fpace between fix a Clock and Itf fe, 

34. To reduce Degrees into Time, feeing 
360° are Equal to 34 Hours. H. 

for everyj J CaJIowJ" • 4' 

.15'C J * 
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35. Having Sun-rite, to find Sun-fet, 
Length of Pay, Length of Night, all tfio 
Year round, 

•» » 

Seeing we begin our Count at Midrdgy, 
and Mid-night, the time of q Rife, is con- 

. fequently one h'alf of the Night, and time 
of Set, one half of the D^y : ^nd the hours 
of both added together, tnuft make up i2« 
wherefore fubtraCt the hours of o Rife from 
12, the remains is the time of o Set, and 
Rouble the time of Set, gives the length 
of the Day, and double the time of Rife, 
gives the length of the K[ight atf tlje Tear 
round, 

Tq frojeft the Sphere for th? latitude; 
51 . 30' N°. Geometrically, 

QUarter the Circle, which rtprefents the 
Solftitial-Colure or Mermian^yfixh ZJN* 
ttic Prime-VertictU and H O tfie Horizon : 
ju then fet the Chord of the Latitude 51. 30* 
r from H to.P, the Pote K from Z, the Zmitb 
* <o i&thc Squtnofttal fromO to 5, and from 

I* a N 



$4 'APPENDIX. 

N to Q, and draw M. Q the EwinoaiA 
and P S tlic EMwmal-Cofae, from JE ao4 
fi on both fides, fet off the Chord of if 1 , 
for the Tropic's 9 and -i*, and draw © x* 
the toltpttc. ; lay a Rule from JE to «, 
which cuts P S in L, then thro' the 3 point? 
» E ©, draw the Tropit of ®, which (up: 

?ofe the apparent Courfe of the Sui for thit 
lay, which cqts the Horizon at q, thro' the 
§ points P. ©.$. draw the Meridian foS. 
which forms the ift.and 3d. Triangles (haded, 
and at 6 a Clock, the 6 appears at L, thrt' 
*•£"& 3 p oints,draw the Vertical ZLEM 
which forms the 4th (haded Triangle, XLS 
4^m, fuppofe the at M, thro' the? 
points Z.M.N. draw the Azimuth ZMN, 
and draw thro* P. M. S. tjie Meridian' PMi 
thus is formed both the 2d and Jth fliadd 
#™BfoXys,andP2M. ■ ^ 

Cafe I. 
TN the ! RightAngle4 Spherical-Trfaogi* 

• 1 

{T H, the Latitude ji; 50. 

$P ©. the ©»s Diftahcc from the Poje 69. & 

(f Ho. the Complement of ©'s Am- 

Aqutfedf H P ©. the Hour of ©>s Riling, 

Fd ^S "^ from Midnight 
which *J£ ® H ' d* Al *k °f ® 's Pofitioa, 

IW« the Hortm makes with the Meridian. 
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rcprcfcnt this Triaaglj on the Globe. 

Ekratc the Pole to the given Latitude, 
ind tarn the Globe about, till 69° \ of the 
fquinoftial-Colnre counted from the Pole, be 
it the Horizon, fo will the Triangle be per. 
ctfly described by an Arch of the Brafs Me. 
idian, an ^rcfr of the Horizon, and ^n -4r*ft 
tf tfce CW*rG. 

The Complement of the o's Amplitude* 

I 0. is numbrcd on the Horizon, from the 
i>&r* to the jj°. point of the Horizon, and 

II this cafe is $7°. 34'* 

For the Angle HP©, count the degrees 
f the EqninoBial, which are contained be- 
ween the Colnre and the Jf \ fide of the 
Irafs Meridian, which degrees reduced to 
(me, i. e. 6i\ 45'. are equal to 4 A. 1 i' the 
our from Midnight, the time of Rife, 
nd -* the length of the Night, which fufe 
oft from ii, refts 7 & 49' the time of • 
let, and half the length of the Day. 

For the Angle PoH, number on the 
War*, and alfo on the Horizon, the Sides 
hat include the Angle 90 . from the Angu- 
ir Point, and the diftance between thofe two 
'oints, where the reckoning ends, meafured 
f the gjiadrant of Altitude, or by Com- ' 
afles, contains 36*. 39'. the Angle of the 
j'sPofitlon, 
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Cafe 3. 

N the Right- Angled Spherical Trim 
Xy?. Right-Angled at y, Fig. a. Plate 

^. ^fX z. o's Diftance from r 7**i i 
uiwn |y X z. o's greateft Declination if i 

Cz y. O's prefent Declination. 
Required^ X y. ©'s Right- Afcenfion. I 

£y z X. o's Pofition, or the Axii 
{hat the Meridian makes with the ifc/ffF 

To reprefcnt this Triangle on the C/oW 

Bring the ©'s Place, which is n iaV 
the Brazen Meridian, and fix the <7&fe 
that Pofition, and the Triangle will be j 
prefented by an Arch of the EquinelM 
Arch of the Ecliptic^ and 31* Arcb of t 
Brazen Meridian. 

The o's preftnt Declination X y. ?a* I 
is meafured on the Brazen Meridian, fa 
the Equino&iaU to the. o's Place, and is B 
ke<#ufe betwixt the Equinoft ial and N°- ft 

The o's Rigbt-Afcenfion X y, is. meaftr 
on the Equinottial 70 £ from y % to t 
Brafs Meridian. * 

And for the Meafure of the Angle p 
pumber 90 . on the Meridian* fron* tfrtG 
placed $q q on the #///*/> from the « 
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ace, fo fliall the diftancc between thefe two 
)ints, nteafored by the Quadrant of JJti- 
de, contain for the Angle y z X, 82*. lo\ 

Cafe 3* 

N the Right-Ahgled SpheticaLTriangU 
A © B, Right-Angled at B, Fig. 3* 
late 5* 

CoAB. the Complement of Lati» 
ivenj tude &°.-$o'. 

SB 0* the o's Declination 4o. 36. NV 

CA 0. ©'s Amplitude. 
tquirecWAB. the Afcenfional-DifferenCe. 
*A B. ©'s Fofition at Rifing* 

to reprefent this Triangle on the Globe. 

Deprefs the EquinoBial below the N*. 
pint of the Horizon 38 * 30' the Goto pie-, 
lent of the Latitude, then number 20° I 
tie o's Declination on the EquinoEHal-Cofore* 
nd bring that to the Eaft-fide of the JSfori- 
on y fo (hall the Triangle be formed, and ap- 
fear below the Horizon by A O, an urfrdb of 
he Horizon. A B, an Arch of the ££* / * 
off j*& And B 0, an Arch of the &//ir^ 

A © the o's Amplitude from the Eaft, is 
lumbred on the Horizon to the Cohre % and 
s 32 . 26'. 

A B the Afcenftonal-bifftrence, h numbred 
to the £quw3ial> from the Ealtpoint of 

the 
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tlic Horizon to the tohfe ? and is 27*. .15' 
which. reduced into time, is tk0' before d 
for o Rift /. r, 4. A. 11'. 

And the Angle of the o y s Fofition A B 
Is found by continuing the Sides © A anc 
o B to Quadrants, and then meafuring be 
twixt thofe two Points, as in the firft ant 
*d Cafes; 

Oft 4. 

Ifc the Right-Angled Spherical-TrianglJ 
A EL, Right-Anglcd at E, fig. 4 



Plate 5. 



ftivetfT 



AL the ©'s t)eclinatidii = 20*. 30'N* 
L A E the Latitude -51. 30 N° 



/ CL E the ©■» Jltitufc at S?i. ' 

Required^ A £ the o's Atimutb ffottfEhft, 

CALE the ©'s Pofition or ArigM 

which the G*/*ri? makes with the Vertica 

at Six.- 

* 

* 'to reprefttit this fridrigte dn'thcGfoJ*. 

Elevate the Tote to the gfren Latitude, fii 
the Quadrant of Attitude in the Zenith y anc 
faumber the ©'$ Declination 20* f oh th< 
EquinoBial-ColurCj the CWfcre being brougbl 
to the Eaft.point of the Horizon, bring tin 
graduated £&* of the £Madr*nt> ever the 
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o's Declination on the Colure, to will the 
Triangle be forih'd by, 

A L an Arch of the Colkrt -* beelin&ion. 

A £ an Arch of the Horizon = Azimuth^ 
from the Eaft. 

LE an Arch of the Quadrants o's vf/tf- 

K» A E, Qt Azimuth from E. is 1 3 . 6'. 

k E, <3's Altitude at 6. is 1 5. 54. 
irid tRe Angle of the o's rofltion A L E* 
s found by continuing the Sides L A and 
h E to Quadrants, and then meafuriirg be- 
Mxt thofe two Points, as in the firft and 
fecbnd Cafes; 

Of Oblique. Tridnghd Sphtfical-TriaxgtfS. 



^ 



Cafe 1. 



IN *he Obliqiu-AKgkd Sphtticni,Tr tangle 
P Z M, Fig. 5. Plate 5. Obli^M-Aagld 
k Zi 

f Z P the Complement of the Lati- 

| tilde. - 38 . 30'. 

*.•„.„ J M P the o's Diftance from tile 

h ™\ Pole =69.30. 

jMZ the Complement o's Alti- 

, \ tude -=47. 20; 

PZMthe s'iAzimmMtom theN . 
P M the hour of the Day froml 
Noon. 

MP the o'sAngtefofPbatiQn; 
' M Id 





i 
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t 

$o teptcfeit* this triangle on the Gfofe. 

Elevate the Pole to the latitude, M 
-coift&ftP 38 . 3®'. the Complement of;thc 
Latitude from the Po/^ on the S°. S\de o| 
the brazen Meridid*>*n& Where the Reckon- 
ing "ends, skew the guadrant of Altitude /.(< 
on the jfe»j*£, which, is roarkt 51°. 30'. oil 
the braft Meridian, this done,. count the Side 
M £ 6^* f upon the Mquim&iaLColure ftom 
the *<** and the Side M Z - 47°* 20 '« -°J| 
the Qu*d*ant of Altitude, from the 2^«i 
downwatds, and fo move the Ghbe and *m 
drant of Altitude together, till the Number! 
counted oh the (Mure and Sjiairant of / 
*/*#</*, meet in one Point, fo will the Trim 
gle be exaftly delineated upon the Globe. \ 

X$6w to fiftd the fevcrai Angles* 

For the Angle % count the Number q( 
Degrees, of the Horizon, which are contain'} 
between the N^ Point of the Meridian, and 
the Quadrant of Altitude 115*. 35'. the 0* 
Azimuth from ttteM°i ., 

For the Angle TL P M, the degrees of the 
Equinoctial, contain'd between tjie Jj°. fi& 
of the Brafs Meridian, and the Collre 45' 
reduced into time, rs 3 Hours from Nooft 
i. e. 9 in the Moaning, or 3 Afternoon. 

For tBe Angle Zftf P, tbe Angle of P<u 
fitionj reckon <fo° from the point M, on the 

Circle. 
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fcircles M Z and M P, the diflance betwixt 
Ihofe Points meafured by tbe Quadrant of 
Altitude, applied to both, give 36 . 52'. tha 
Angle fought made by the Meridian and 
Vertical, concurring in M. 

Alfo by having any 3 Parts of any OMn 

|ue-Tri angle given, the other Three may b* 

nnd, whidi afford no left Variety, than 6q 

fes in an Oblique, and ?o in a Right. • . 

^ As will appear, if we call the Latitude n 
)'s Declination 2. Azimuth 3. Altitude 4, 
'ofition 5. Hour 6. Then m^y each of thefQ 
found from 10 different Data's. 



9? 



•J i 1 2 I -3 i 41 5 T ~6 

maybe round trom the Ten differ- 
tot Pint's, diteftlv unjern^rh. 

*34 




3M4-M 



54 






l.f.6 I.f «6|i.f.6 

14.6 14^ i. 3. j 146 
14.5 1.+) 2.3*6 1.3.6 
u\.t 14. y r.3.6 1.3.6 ^ # 

W .J14.6r«3.J*46fi.3,7[ 
f .3 4 1.5.6 2*5.6 1.34 1.3,4 

^.4*v ^.U^ 

54 A.*-57.t.5 
^y.6 r.z.ijj.j.* 



^{.^5.^11 »i .3 



1.V6 3 4. j 
34.* i.t.5 
r. 24 1.1.4 
r.i 3I1.1.3 



Thus may wa 
ferve the five 
Pares of a Right 
Angled, Sphef* 
Cil Triangle., 



• f Moreover, irf the faroe Trfoagie, call ;the 
Side Z P, -ike diftanee of" the Pole ofrthe 
Equinoftial, from the Pole of the Ecliptick, 
: then P M will be the Co-declination of a 
■Star at M. ZM will be the Complement 
^f the N°. Latitude of that Star, the Angle 

M 2 M P Z> 
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M PZ, wiD be the Complement of the SiM 
Right-Afcenfion ; the Angle P Z M, tf 
Stars.Longitude from s, and PMZ tl 
Angle of the Start Petition. 

i 

The fame Triangle may be applied ti 
Sundry other ufes in Geogrspby, Navigstr 
and Diallings for which we hav? no r 
io this fmafl Appendix. 



ERRATA 



E 24. If. 14. 
p. 72. li. 8. 



For Read 

AB: BC.I AB: AC 

page 66. \ p. 68. 



Alfo omitted in the London Edition. 

p. 10. lin. 14. after Sine of, Rca4 2° to the 
Difference of the Sines of 13 and 17°. aw 
fo is the Sine of p. 33. linu 15. after Fv$* 

z. Read attd X B = Quadrant. 
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PREFACE. 



BE iffathematicks formerly rei 
ceivedconfiderablt Advantages} 
firfti by the Introduction of the 
Indian Characters, and after- 
wards by the Invention of bed. 
mal FtaBions',yet has it fines 
reaped at leaji at much front 
if Logarithms, as from both the 
tber two. The Vfe of theft, every one knows, 
r of the greatejt Extent, and runs through all- 
arts of Matbematicks. By their Means it 
r that Numbers dttooft infinite, atidfkch as are 
■Be f wife impraSicdble, are managed with Eufi 
id Expedition. By their AJfi ft once the Mariner 
eersbis Veffel, the Geometrician invtfiv'otet 
be Nature of the higher Curves, the Afirono^ 
er determines the Places of the Stars, the 
bUbfopher accounts for otbet Phanomena of 
Tature ; and lafily, the Vfurtr computes tbe> 
Uttejl of bis Money, 

•Xht 
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The Subjeft of the following Treatife bos 
been cultivated by Mathematicians of the firi 
Hank ifome of whom taking in the whole M- 
rine, have indeed wrote liarnedly, bat fcatcely 
intelligible to any but Mafttrs. Others, again, 
accommodating tbemfelves to the Apprehenfm 
of Novices, have feleBed out fqme of the mofi 
eafyand obvious Properties of Logarithms \ but 
have left their Nature and more intimate fro. 
perties untouched. [ iMy Defy^n therefore in the 
following TraS 9 is to fupply what feemed fiii 
wanting, viz. to difcover and explain the Doft- 
rine of Logarithms, to thofe who are not yet get 
beyond the Elements of Algebra and Geometrj. 

The wonderful Invention of Logarithms we 
me to the Lord Neper, who was the firfi that 
conjlru&ed and publijhed a Canon thereof d 
jfejinburgh, in the Tear \6\&> This was verj 
graci oh fly received by all Mathematicians, wm 
were immediately fenfihfe of the extreme Vft~ 
fulnefs thereof. And tbo y it is ufual to have vi- 
rions Nations contending for the Glory of aef\ 
notable Invention, yet Neper is itniverfaSy al- 
low d the Inventor of Logarithms, and enjoys 
the whole Honour thereof without arty Rival* 

Tfje fame Lord Neper afterwards invented 
another and more commodious Form of Loga- 
rithms, which he communicated to Mr. Henry 
Briggs, P r of effor of Geometry at Oxford, who 
•was hereby introduced as a Sharer in the com- 
pleting thereof-. But the Lord Neper dying* tbt* 
whole Bufinefs remaining was devolved upon Xp. 
Briggs, who, with prodigious Application,^* 
an uncommon Dexterity \ compafsd a Lcgartth* 
mic Canon, agreeable to that new Form for the 
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prft twenty Chiliads of Numbers, {or from i b 
20000 ) and for eleven other Chiliads, viz. from 
90000 to 10 1000. Jfor all which Numbers he 
Calculated the Logarithms to fourteen Places 
pf Figures. This Canon was publifid at Lon- 
don in the Tear 1624. 

Adrian Vlacq publijbetP Again this Canon at 
Goudas in Hblland in the Tear 1628, with 
*ihe intermediate Chiliads before omitted, filled 
up according to Bngg's Prefcriptions ; but theft 
*I obits are not fo ufefulas Brigg's, becaufe the, 
Logarithms are continued but to 10 Places of 
Figures*. - * * * 

' Mr. Briggs alfo has calculated the Loga- 
rithms of the Sines and Tangents of every 
Degree, and the hundredth Parts of Degrees 
to 15 Places of Figures, and has fubjoined to 
\ them the Natural Sines, Tangents, and Secants, 
to 15 Places of Figures* The Logarithms of 
the Sines and Tangents are called Artificial 
Sines and Tangents, but the Sines and Tangents 
themfelves an called Natural. Thtfe Tables, 
together with \ their Confer ull ion andtVfe, were 
publijh'd aftfc Brigg's Death, 4t London, in 
the Tear 163 3 V^ Hemy Geilibrand, and by 
him called Trigonometria Britannica. 

Since then, there have been publijhed, in fe- 

' veral Places, compendious Tables, wherein th? 

Sitifs and Tangents; and their Logarithms con- 

c fift °f but feven Places of Figures, and wherein. 

* are only the Logarithms of the Numbers frorri 
\ 1 1 1 ooooo,wbicb may be fufficient for mofi Vfesi 
} The beft Difpofition of thefe Tables, in my 

I Opinion, is that, firjl thought of by Nathaniel 

• Roe, of Suffolk; and withfome Alterations for 

N the 
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the better, followed &ySherwin in bis Jl 
cat-Tables publifhd at London in iji 
in are the Logarithms from i to ic 
fijt in? of 7 Places of Figures. To 
fiibjoined the Differences a-dproporth 
by Means of which may be found eafil 
ritbms-ef Numbers to 10000000, 
at the fame Time that tbefe Logarit 
only of 7 Places of Figures. Here , 
Sines, Tangents, and Secants, with the Loga- 
rithms and Differences for every Degree and 
Minute of the Jguadrant, with fame other Ta- 
bles of Vfe in practical Matbematicks. 
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CHAP. 1 

Of the O R i g i h an4 N a t u r b of Logarithms; 

i S in Geometry, the Magnitudes of 
'I Lines are often defined by Num- 
I bers;folikewifeontheotherhand, 
I it is fometimes expedient to ex- 
pound Numbers by Lines, viz. by affuming 
fome Line which may reprefent Unity, ana 
the Double thereof ; the Number 2, the Triple 
3, the one half, the FrafHon f, and fo on. 
And thus the Genefis and Properties of fome 
certain Numbers are better conceived, and 
N 2 more 
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more clearly confidered, than can be done b? 

. atftraft Numbers: •'- -f 

B * '* r$*F*z}* m 1 Line * * k dr awn into it 
felt, the Quantity «*■ produced thereby, is no! 
to be taken as one of two Dimensions, or a* 
a Geometrical Square, whofe'Side is the Line 
* ° ut "a Line that is a third Proportional' 
to fome Line taken for Unity and the Line 

$ J°n. llk f wife ' if A% be multiplied by «, the 
rroduft a \ will not be a Quantity of three 
IJimenflons, or a Geometrical-Cube, but a 
i-ine that is the fourth Term in a Geome,. 
trical-Progreffion, whofe firft Term is i, and 1 
fecond*; fortheTerms 'i,4,V,V, «*,*', A j 
a '*Ku are !? the COTt inual Ratio of i to '*" ! 
Andthe Indices affixed to the Terms, fhew 

1 iJi r% 0r £ iftanc f tba ; eve »7 Term -is frem 
]&i ?° r Exara P l e. ** is in the fifth Place 

IMant from Unity, than 4, or a\ wbkb' 
immediately follows Unity. 

a m Jf p "* th ? V* 8 l and * ^e be put ' 
a mean Proportiona which is 1/ ^ the In 

from ll£ I k °"V hal f of tlK DibKC of < 

?„j , T 3 " Pr <>|w«onal be pot betwa* 
for fe'fbm ,ndel „ t, r° f wiHbe , f Sf 

: * • ' °* *** Pittance of a font Unity ; 
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mi fo the Cube-Root tnuft be cxpreffed by 
if. Hence, the Index of Unity is o. for Unity 
s not diftant from it felf. 

The fame Series of Quantities, GfeometrU 
$lly Proportional, may be both ways contu 
iued, as well defcending towards the Left 
Eland, as afcending towards the Right ; for 

i i i i i 
he Terms — — — — — i, a* *% 

>•* A* *? ** * 

a > 4 , a , a , a> 
i\ i 4 , a* 9 ifc. are all in the fame Geomctri- 
al Progreffion. And fince the Diftance of a 
rom Unity is towards the Right Hand, and 
tofitivc or 4- 1, the Diftance equal to that 
\n the cpntrary Side, viz. the Diftance of 

i 
i the Term — will be Negative or — i, 

i 
yhich (hall be the Index of the Term — for 

a 
crhich may be written a — \ So likewifc 
n the Term *— • \ The Index — 2 (hews that 
hat Term ftaqds in the fecond Place from 
Jnity towards the Left Hand, and the Terms 

\ — * and J~ are of the fame Value. Alfo 

H-* k the fame as i-For thefe negative In- 

a 

lices (hew that the Terms belonging to them, 
50 from Unity the contrary way to that, by 
irhich the Terms whofe Indices are pofitivc 
io. Thefe Things premifed. 

If on the Line A N, Fig. 2. both ways indefi- 
nitely extended* be taken, A C, CE, E G, G I, 
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I L,on the right Hand. And alfo A r, r n,|_ 
on the left, afl equal to one another. Ai 
if at the Points n, i\ A, C, E, G, I, L, be 
refted to the Right Line A N, the Perpt 
diculars n s, ra, AB, CD, EF, G H, I 
LM^which let be continually proportion* 
and rcprefent Numbers, whereof A B is Unit 
The Lines AC A E, AG, AI, A L— A 
f— An, refpe&ively exprefs the Diftancesi 
the Numbers from Unity, or the Place ao 
Order that every Number obtains in the Scries 
of Geometrical- Proportionals, according asM 
isdiftant from Unity, So fince AG is tripMj 
of the Right Line AC, the Number GH 
ihall be in the third Place from Unity, u 
C D be in the firft : So likewife (hall L 
be in the fifth Place, fince A L =5 AC 
the Extremities of the Proportionals S, a, 
D, F, H, K, M, be joined by Right Line 
tJie Figure s n L M will become a Pol] 
gon confiding of more or lefs Sides, accord^ 
as there are more or left Terms in the Pro 
greffion. ft 

If the Parts AC, CE, EQ, GI, IL,« 

bifetted in the Points c , c, g, 1, /, and thcri 
be again raifed the Perpendiculars c d, tfaH 
ik, Im, which are mean Proportionals be} 
twccnAB,CD;CD,EF;EF,GH;GH^ 
I K ; I K, L M ; then there will arife a neifj 
Series of Proportionals, whofc Terms begin* 
ning from that, which immediately folio " 
Unity, are double of thofe in the firft Scri 
and the Difference of the Terms are becou 
lefs, and approach nearer to a Ratio of Equsk 
lity than before. Likewife in this new Scries* 

* the 
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le Right Lines A L, A C, exprefs the Di- 
mces of the Terms LM,CD, from Unity, 
fe Since A L is ten times greater than A r, 
> M (hall be the tenth Term of the Series 
oro Unity : And becaufe A $ is three titties 
reater than A c> ef will be the third term 
f the Series, if c d be the firft ; and there 
all be two mean Proportionals between A B 
id e /, and bet ween A B, and L M, there will 
5 nine mean Proportionals. 
And if the Extremities of the Lines B d 
>/F fc H, &e. be joined by Right Lines, 
tere will be a new Polygon made confiding 
fmore, but (horter Sides than the laft. 
If again, the Diftances Ac y cC,Ce,e E, 
fc. be fuppofed tabe bife&ed, and mean Pro- 
Ktionals between every two of the Term?, 
1 conceived to be put .at thofe middle Dift- 
ices ; then there win arife another Series of 
Proportionals, containing. double the Number 
FTermsfrom Unity than the former does; but 
ie Differences of the Terms will be fefs ; and 
' the Extremities of the Terms be joined, the 
lumber of the Sides of the Polygon will be 
agmen ted according to the Number of Terms ; 
id the Sides thereof will be iefs, becaufe 
f the Diminution of the Diftances of the 
terms from each other. 
Now in this new Series, the Diftaflces AL* 
i C, &c. will determine the Orders or Places 
f the Terms ; viz. if A L be five times greater 
ban A C, and C D be the fourth Tenti of 
be Series from Unity, then L M will be the 
flrcntfcth Teiia from Unity, 
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* If in this Manner, mean Proportionals b 
tontinuafly placed between every two Terms 
the Number of Terms at laft wifl . be tnal 
to great, as alfo the Number of the Sides o 
the Polygon; as to be greater than any giro 
Number, or to* be infinite ; and every Sideo 
the Polygon fo leflened, as to become lefs thai 
any given Right Line ; and cdnfequeritly tH 
Polygon will be changed into a Curv-lnrt 
Figure ; for any Curv-lin'd figure may H 
conceived as a Polygon, whofe Sides are ig 
finitely fmaD and infinite in Number, 

A Curve defcribed after this Manner, ! 
called Logaritbmicahy in which, if Niimbd 
be reprefent&T'by Right Lines Handing i 
Right Angles tq the Axis A N, the PortWl 
of the Axis intercepted between any Numbl 
and Unity, flieWs the Place or Order that fti 
Nuinher obtains in the Series of Geometric 
Proportionals, diftant from each other by 
ijual Intervals. For Example, if A L be fi 
times greater than AC, and there are a thof 
fand Terms in continual Proportion froi 
Unity to L M ; then will there be two-Hufi 
dred Terms of the fame Series from Unit 
to C D, or CD fliall be the twq hundred 
: Term of the Series from Unity ; and let tl 
Number of Terms from ABtoLM be ft] 
pofed what it will ; then the Number of Teril 
from A B to C D, will be one fifth of thl 
Number, '-• • * 

The Logarithmical-Curvc may alfa be feqj 

ceived to' be defcribed by two Motions, & 

• pf which is equable, and the other acceW* 

ted or retarded according to a given Rati 
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: Jbr Example, if the Right Line A B, moves 
'.uniformly' along the Line .A N,. fo that the 
-JEnd A thereof defcribes equal Spaces in equal 
Tiines ; and, in the mean time, the faid Line 
A B fo increafes, that the Increments thereof 
generated in equal Times, be proportional to ( 

the whole increafing Line, that is, if A B in l 

going forward to c d 9 be encreafcd^by the 
Increment ii,andin an equal Time, when 
k is come to CD, the Increment thereof is 
D/>, and D p to dc, is as do is to A B, that 
|s, if the Increments generated in equal Times 
are always proportional to the "Wholes'; or, 
if the Line A B moving the contrary Way, 
jHrainiflies in a conftant Ratio, fo that while 
If goes thro' the equal Spaces, a r ? r n the 
pecreme&teAB — t a, r a — n s, are Pro* 
>rtionals to A B, r x Then the End of the 
inc increafing or decreafing in the faid 
[anncr, defcribes theLogarithmical-Curve: 
frrfinceABrio: : dc: Dp:: DC: fq, it 
iallbe(byCompofition*of Ratio) as AB: 
\e : : d cxD C : : D C :fe. and fo on. 
-. .By thefe two Motions, t/iz.the one equable, 
wd the other proportionally accelerated or re- 
tarded, the Lord Neper laid down the Origin 
fcf Logarithms, and cail'4 the Logarithm of 
afreSiae of any Atc,That Number which near eft 
}? fines a Line that equally encreafei, white, in the 
fern time, the Line expr effing the whole Sine 
proportionally decreafes to thtft Sine.. 
It isn^nifeftfromth4>p^fcrijption of the 
ogaritbmic-G^v?,; that all .Nunibers at e- . 
al Pittances *a^e* cqpt|mial|y proportional. 
U alfo plain, t&at it 'tiyjfif be four Num- 

O ' -■ bers 
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bers A B, C D, I K, L M, fuch, that thcDi- 

ftance between the firft and fecond,be equal to 

theDiftance between the third and the fourth: 

Let the Diftance from the fecond to the third 

be what it will, thefe Numbers will be pre 

portional. For becaufe the Pittances A C, 

I L, are equal, A B (hall be to the Increment 

D /, as I K is to the Increment M T. Who* 

fore (by Compofition) AB : DC:: IKi 

M L. And contrariwife, if four Numbers 

be proportional, the Diftance between the firft 

and the fecond, fhaH be equal to the Diftance 

between the third and the fourth. 

The Diftance between any two Numbers, 

is called the Logarithm of the Ratio of thoft 

Numbers, and indeed doth not mcafurc the 

Ratio itfelf, but the Number of Terms mi 

given Series of Geometrical Proportional 

proceeding from one Number to another, aai 

defines the Number of equal Ratio's, by tfe 

Compofition whereof the Ratio of Numbei* 

are known. 

If the Diftance between any two Number 

be double to theDiftance between two other 

Numbers, then the Ratio of the two former 

Numbers (hall be the Duplicate of the Rati* 

of the two latter. For let the Diftance 1 1 

between the Numbers I K, L M, be double 

to the Diftance A c, between the Number* 

A B, cd; and fince I L is bifefted in J, wtf 

have A c=:I /=/ L ; and the Ratio of I R 

to/ m, is equal to the Ratio of A B to cdi 

and fo the Ratio of I K to L M, the Duptf 

cate of the Ratio of IK to Im, (by JDef. ift 

Ml. s.) fl»U be the Duplicate of the fodd 
ofABtoci. Ii 
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. In like Manner, if the Diftance £ L be 

triple of the Diftance A C, then will the 

Ratio of E F to L M, be triplicate of the 

Rltio of A B to C D : For becaufe the Dift, 

ancc i$ triple, there (hall be three times more 

Proportionals from E F to L M, than there 

we Terms, of the fame Ratio, from A B to 

C D ; and the Ratio of E F to L M, as alfo 

fif A B to C D, is compounded of the equal 

.intermediate Ratio's, (by Def. 5. EL 6.) And 

ft the Ratio of ^ F to L M, compounded of 

three times a greater Number of Ratio's, (hall 

be triplicate of the Ratio of A B to C D< 

£0 like wife if the Pittance G L be quadruple 

#f the Diftance A c, then (hall the Ratio of 

£ H to LM, be quadruplicate of the Ratio x 

fifABtocd* 1 

The Logarithm of any Number, is the 
logarithm of the Ratio of Unity to that 
dumber* or it is the Diftance between Unity 
|nd that Number. And fo Logarithms ex. 
refs the Power, Place, or Order which every 
lumber, in a Series of Geometrical-Progr e& 
onals obtains from Unity. For Example, 
if there he 10.000.000 proportional Numbers 
hm Unity to the Number 10, that is, if 
he Number 10 be in the 10.000.000 th Place 
from Unity ; then it will he found, by Com. 
putation, that in the fame Series from Unity, 
to 2 there are 3.010.300 proportional Termi, 
Aat is, the Number 2 will ftand in the 
1.010.300 th Place. In like Manner, from Um\ 
iy to 3, there wiH be found 4.77 1.2 13 pro, 
Actional Terms, which Number defines the 
Place of the JSumber 3. Jhe Numbcra 
# O 2 io.ooo.opo, 
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10.000.000, 3.010.300, 4.77 1.2 13; (hall be the 
Logarithms of the "Numbers 10, 2, and 3. 

If the firftTerm of tjhe Series from Unity 
be caHed >, the Tecond Term will be j% the ; 
third 7 \ g5fc And 'fince the Number io is 
the ip.ocxxooo^ Term of the Series, then 
wiil>^ 00 ^ 000 zc:io.'Alfo^ ?91o5oo =2. Alfo 
/ 77I1|3 = 3; ; andfoon. 

Wherefore all Numbers (hall be fame Pow. 
ers of that Number which is the firft from 
Unity ; and the Indices of the Powers are the. 
Logarithms of the Numbers. 

Since Logarithms are the Diftances of 
Numbers from Unity, as has been (hewn. 
The Logarithm of Unity (hall be o, for Unity 
is not diftant from itfelf, but the Logarithms , 
of Fre&ions are negative, or defcending b& ! 
low nothing, for they go on the contrary; 
Way. ' And fo if Numbers increafing pro. 1 
portionally from Unity, have pofitive lo- 
garithms, or fufch as areafFe&ed with the 
Sign 4- J then Fractions or Numbers in like 
Manner decreafing, will have negative Loga* r 
rithms, or fuch as are affefted with the Siga 
• — ; which rs true when Logarithms are coim 
fider'd, as the Diftances of Numbers fronw 
Unity. :) 

But if Logarithms take their Beginning* 
not from an integral Unit, but from a Unit, 
that is in forne Place of Decimal Fra&ion&l 
For Example, from theFraftion s^^zz.: 
then all Fractions greater than this, will ha) 
pofitive Logarithms, and thofe that arc lei 
will have negative Logarithms. But m< 
foall be ftid of this hereafter, . .- .- 

Since 
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Since in the Numbers continually propor- 
tional, D C, E F, G H, I K, &c. the Diftances 
Z E, E G, G I, tfc. are equal, the Logarithms 
& C, A E, A G, A I, ye. of thofe Numbers 
hall be equidiffcrent, or the Differences of 
:hcm (hall be equal: Andfo the Logarithms 
>f proportional Numbers are all in an Arith- 
netical-Progreffion ; and from hence proceeds 
hat common Definition of Logarithms, that 
Logarithms are Numbers, which being ad. 
Dined to Proportions, have equal Differences. 

In the firft Kind of Logarithms that Neper 
mblifhed, the firft Term of the continual 
Proportionals was placed only fo far diftant 
rom Unity, as that Term exceeded Unity; 
For Example, if v n be the firft Term of the 
lerics from Unity A B, the Logarithm there- 
in or the Diftance A /;, or B y, was, accord- 
tig to Him, equal to v y> or the Increment 
f the Number above Unity, As fuppofe vp 
1 1,000.0001, he placed -0,000000. 1 for it's 
logarithm An; and from hence, by Compu- 
ition,theNumbcr iofhall be the 23.025.850 th 
'crm of the Series, which Number therefore 
1 the Logarithm of 10 in this Form of Lo* 
arithms, and expreffes it's Diftance from 
Inity in fuch Parts whereof v y or A a is 
lie. 

But this Pofition is entirely at Pleafure, 
a: the Diftance of the firft Term may have 
ly given JRLatio to the Excefs thereof above 
Inity, and according to that various Ratio 
vhich may befupfjefedat Pleafure,) that is 
rtween v y and B jCTne Increment of the firft 

arm aljoYC Unity, W the Difance of th<? 

feme 
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lame from Unity, there will be produced dif- 
ferent Forms of Logarithms. 

This firft Kind of Logarithms was after- 
wards changed by Neper, into another most 
convenient one, wherein he put the Number 
10, not as the 2 3 •025.850 th Term of the S& 
ries, but the ic.ooc.ooo tb ; and in this Form 
of. Logarithms, the firft Increment v $ 
fliah be to the Diftance B jf, or A «, as Uoitfr 
or AB, is to the Decimal-Fraftton 04.3 41.99* 
which therefore expreffes the Length of th» 
Subtangent A T. Fig. 4. 

After Neper's Death, the excellent Mn 
Henry Briggs, by great Fains, made and pufe* 
lifhed Tables of Logarithms according to 
Form. Now fince in thefe Tables, the 
garithm of io 9 or the Diftance thereof ft< 
Unity, is . io.ooo.ooq, and i,io,:oo,u 
1 0.000 > &c. are contiauai Proportionals, tl 
(hall be equidiftant. Wherefore the 
rithm of the Number 100 (hall be 2,00c 
of 1000, 3,0000000 ; and the Logarithm 
10.000 fhaU be 4,0000000 ; and lb on. 

Hence the Logarithms of all Numbers 
tween 1 and 10, muft begin with o, or o mall 
ftand in the firft Place to the Left-Handl 
for they are lefs than the Logarithm o| 
the Number 10, whofe Beginning is Unity] 
and the Logarithms of the Numbers bet wi 
10 and 100 begin with Unity; for tl 
are greater than 1,0000000, and lefc t] 
2,0000000. Aifo the Logarithms beT 
300 and i<xx>, begin j$th 2, for they 
greater than the Logarithm of 100, w] 
begins with z, and lefs than the Logarii 
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)f a iooo that begins with 3. In the fame 
Manner it is deraonftrated, that the firft 
Figure to the Left-Hand of the Logarithms 
letween 1000 and io.oco, rauft be 3 ; and the 
irft Figure to the Left-Hand of the Loga- 
rithms between 10.000 and 100,000, will be 
\; and fo on. 

The firft Figure of every Logarithm to the 
!teft-Hafld, is called the Charaftcriftic or 
fidex, becaufc it (hews the higheft or mod, 
emote Place of the Number from the Place 
f Units. For Example, if the Index of a 
logarithm be 1, then the higheft or moft re. 
lote Place from Unity of the correfbondent 
fumber to the Left-Hand, will be the Place 
f Tens. If the Index be 2, the moft remote 
igure of the correspondent Number fliaH be 
Lthe fecond Place from Unity, that is, it 
atfl be in the Place of Hundreds ; and if 
ic Index of a Logarithm be 3, the laft Figure 
: tfre Number anfwerifag to it, (ball be in the 
lace of Thoufands. The Logarithms of all 
ambers that are in Decuple or Subdccuple 
rogreffion, only differ in their Charafter- 
ics, or Indices, they being written in all . 
her Places with the fame Figures. For* 
cample, the Logarithms of the Numbers 
', 170, 1700, 17.000, are the fame, unlcfs in 
eir Indices ; for fincc 1 is to 17, as 10 to 
O, and as 106 to 1700, and as 1000 to 
.000; therefore the Diftances between 1 and 
, between 10 and 170, between 100 and 
00, and between 1000 and 17.000, (hall be 
i equal* And fo fince the Diftance between 

uui >7 9 or the Logarithm of the Number 

?7 
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17 is 1.2 304489, the Logarithm of the Num- 
ber 170, will be = 2.2 3 04489, and the Lo- 
garithm of the Number 1700 (hall be 
3.2304489, becaufe the Logarithm of the 
Numbef 100= 2,000000a In like Man- 
ner, fince the Logarithm of the Number 
1000 = 3.0000000, the Logarithm of the 
Number 17.000 (hall 4.2304489. 

So alfo the Numbers, 6748. 674, 8. 67, 48, 
6, 748.0, 6748. o, 06748, are continual Pro- 
portiortals in the Ra- 
tio of 10 to 1 ; and 674 81 1,8291ft 1 



/ 



\ 



2,82917s 1 

1,8291751 

0329179 

— 1,8292$ 

— 2,82917ft 



fo their Diftances 6 7 4, 8 

from each other (hall 6 7, 4 8 

be equal to the Di- 6,7 48 

ftance or Logarithm 0,67 4 8 

ctf the Number 10, or 5,067 48 

equal to 1,0000000, 

And fo fince the Logarithm of the Number 

6748 is -3,8291751, the Logarithms of the 

other Numbers (hall be as in the Margin ; 

where you may obferve that the Indices of 

the laft two Logarithms are only negative, 

and the other Figures pofitive; and fo.when 

thofe other Figures are to be added, the In* 

dices muft be fubftrafted, and contrariwife. 
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CHAP, a 

Of the Aritbmetkk of Logarithm* 
in wboleNumBersjorrvhcfeNum- 
hers adjoined to Decimal Fra^iii 

wis. Fig* A. 

ECAUSE, in Multiplication, 
Unity is to the Multiplier, as the 
Multiplicand is to the Produft, 
__ theDiftance between Unity and the 
tiplfer, (hall be equal to the Diftance be- 
tween the Multiplicand and the Produft ; if 
therefore, the Number G H be to be multi- 
plied by the Number E F, the Diftance be- 
jtween G H and the Produft, muft be equal 
[to the Diftance A E, or to the Logarithm 
jof the Multiplier ; and fo if G L be taken 
itqual to A E, the Number L M (hall be the 
Jroduft, that is, if to the Logarithm of the 
Multiplicand A G be added, the Logarithm 
$ the Multiplier A E, the Sum ihall be the 
Logarithm of the Produft. 
I , In Dinfion, Unity is to the Dmfor, as the 
Auotient is to the Dividend, and fo the Di- 
ftance between the Divifor^and Unity» Qw 
be equal to the Diftance between the Divi- 
dend and the Quotient. So if L M be to be 
j.wM|d by "E £, the piftanw EA (halt be 



K 



ii 4 0/LOGARITHMS. 

equal to the Diftance between L M and the 
Quotient, and fo if L G be taken equal to 
,E A, the Quotient will be at G; that is, if 
from A L, the Logarithm of the Dividend, 
be taken G k, or A E, the logarithm of the 
Divifor, there vrill rethaih'-AG, the Loga- 
rithm of the Quotient. 

And- from hence it appears, that whatft- 

evcr Operations in common Arithmetick are 

"performed by murtipiyingor dividing of great 

- Numbers* may be much carter, and jrorje ex- 

peditioufly done by the Addition or Subtraction 

of Logarithm! ■ % • * 

Let, for Example, the Number 7589 be to 
be multiplied by £757. Now, if the Loga- 
rithms of thofeNumbers 
be added together, as in Log. ?• 8801846 
the Margin* their Sum Log. 3. 829753 9. 

will be the Logarithm Log. 7. 7099385. 
of the Produft, whofe 
Index 7 (hews that there are feven Places otf 
Figures, befides Unity, in the Produft ; and 
in feekjng this Logarithm in Tables, or the 
neareft equal to it, I find that the Number 
anfwermg thereto, which is lefs than the 
Produft is 5 1 278000, and the Number greater 
than the Produft is 5 1 279000, and if the ad- 
joined Differences and proportional Farts be 
taken, the Numbers that muft be added fo 
the Place of Hundreds and Tens in the Pro- 
duft are 87, and that which muft be added 
in the Place of Unity, will neceflarily be$ t 
fince feven times nine =63, and fo the true 
Produft (hall be 5 1 27887 3 . If the Index of 
the Logarithm bad been 8 or 9, then the 

, Numbers 



Of LOGARITHMS. ,,* 

Numbers to be added in the Place of Hun- 
dredths or Tenths, could not be had from 
thofe Tables of Logarithms, which confift of 
but 7 Places of Figures, befides the Charaft- 
eriftick, and fo in this Cafe, the Vlacquian 
or Briggian Tables (hould be ufed ; in the 
former of which, the Logarithms are all. to 
ten Places of Figures, and in the latter to four- 
teen. 

If the Number 78956 
be to be divided by 278, Log. 4. 8954004 
by fubtrading the Loga- Log. 2. 4440448 

rithm of the Di vifor from Log. a. 4513556 
the Logarithm of the 
Dividend, the Logarithm of the Quotient 
will be had. And to this Logarithm, the 
Number 282, 719 anfwers; which therefore 
(hall be the Quotient. 

Becaufe Unity, any affumed Number, the 
Square thereof, the Cube, the Biquadrate, tfc. 
«re all continual Proportionals, their Diftance* 
from each other Ihafl be equal to one another. 
And fo it is manifeft, the Diftance of the 
Square from Unity, is double of the Diftance 
of its Root from the fame: Alfo the Diftance 
of the Cube, is triple of the Diftance of its* 
Root; and the Diftance of the Biquadrate, is 
quadruple of the Diftance of its Root from 
unity, \$c. And fo if the Logarithm of any 
Number be doubled, we (hall have the Loga. 
rithm of its Square; if it be tripled, We (hall 
have the Logarithm of its Cube, and if it be 

Juad rupled, the Logarithm of it's Biquadrate, 
ind contrariwife, if the Logarithm of any 
Number bt bife&ed, wp (haD have the Lo- 

P % garithm 
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garirutn of the ScjuartRoot thereof: Mort 
over, a third Part of the faid Logarithm. 
will be the Logarithm of theCube-Root of tit 
Number J and a fourth Part, the Logarithm 
of the Biquadrat&Root of that Number. 

Hence, thcExtraftionofallRootsareeafilj 
performed, bj dividing a Logarithm int» 
as many Farts as there are Units in the In- 
del of the Power. Soifyou want the Sauarc- 
Root of s, the half of a&trjoo muft be 
taken, and then that half 0.3404850 win be 
the Logarithm of the Square-Root of «, or 
the Logarithm of tf 5, to which the Num. 
ocr 2.23606 nearly anfwers. 



CHAP, ffl I 

Of thedrithmctick of Logarithm, 
when the Numbers are FraSi- 
ms. Fig. 3. 

J HEN Fraflions aretobe wort. 
I ed by Logarithms, it is necea". 
I fary, for avoiding the Troublti 
] of adding one Fart of a Logi, 
I nthm, and fubtraaing the o. 
J ther, that Logarithms do not 

h.„<v „ r ,, S ,n f' 01 " •» integral Unit. 

but from Tome Unit that is the tenth or huj 

dredth 
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dredth Place of Decimai-Fraftions r For Ex. 

i 
aqiple, let P O be joooooooooo and from this 
lpfT the Logarithms begin. Now this tfra&iqn 
is ten times more diftant from Unity to the 
Left-Hand, than the Number 10 is diftant there 
from to the Right ; for there are 10 proporti- 
onal Termsin the Ratio of 10 to i,from Unity 
to P O. And fo if A B be Ittity, the 
Logarithm thereof, according to this Suppo- 
fition, . will not be o, but p A wiflt be =r 
10.0000000 ; for the Diftance of any 'tenth 
from Unity is 1.0000000, whence the pitt- 
ance of the Number 10 from PO will be 
1 1. 0000000. Alfo theDiftance of the Num- 
ber 100 from PO, or it's Logarithm, be^ 
ginning from PO, (hall be 12.0000000, and 
the Logarithm of iooo, or the pittance from 
PO, will be m 3.000 0000. And thus, the 
Indices of all Logarithms are augmented by 
the Number 10 ; and thofe Fractions whole 
Indices are — 1, or, — 2* or — 3, Igc. arc 
flow made 9, S, or 7, fgc r 

But if Logarithms begin from the Place 
of a Fraftion, whofe Numerator is Unity, and 
Denominator Unity with 100 Cyphers added 
to it, (which they mutt do when Fractions 
occur that are iefs than P O) then that Fra- 
diQti will be 100 times more diftant from 
Unity, than 10 is diftant from it ; and fo 
the Logarithm of Unity will have 100 for 
the Index thereof. And the Logarithm of 
my Tens will have 101 for the Index, that 
of any Rondfeds ioi, an<J fo on ; all the In* 
dices being augmented by the Number 100. 

The 
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The Logarithms of all Frattions that arc 
greater than PO (whereat they begin)* wifl be 
pofitive. And fince the Numbers 10, i, tf* 
t$& toV»» t$ c * are * n a continued Geometrical 
Progreffion, they wifl be equally diftant from 
each other ; and accordingly their Logarithms 
will be equidifferent : And fo when the Lo- 
garithm of io y is ii.ooooooo, and the Lo- 
garithm of Unity is io.ocooooo, and the 
Logarithm of theFraftion^will be 9.0000000, 
and the Logarithm of the Fraction ^ wiB 
be 8. ocooooo, and in like manner, the Index 
of the Logarithm of -nfe- wifl be 7* Alfo 
for the fame Reafon, if the Index of the Lo- 
garithm of Unity be ico, and of 10 be 101, 
then will the Index of the Logarithm of the 
Fraction f s be 99, and the Index of the Lo- 
garithm of -r^ wifl be 98, and the Index of 
Logarithm of the Fraftion T ~ ?7 (hall be 97, 
Jsta And thefe Indices (hew in what Place 
from Unity, the firft Figure of the Fraction, 
not being a Cypher, matt be put. For Ex. 
ample, if the Index be 4, the Diftance there. 
of from the Index of Unity, (which is 10) 
viz. 6, (hews that the firft fignificative Figure 
of the Decimal, is in the fixth Place from 
1 Unity ; and therefore, five Cyphers are to be 
\ prefixed thereto towards the Left.Hand. So 
alfo if the Index of Unity be joo, and the 
Index of the Fraction be 8o> the firft Figure 
thereof (hall be in the 20th Place from Unity^ 
and 19 Cyphers are to be prefixed thereto. f ' 

Now, let it be required to multiply the? 
Fraftion G H by the Fraftion DC fit 
caufe Unity is to the Multiplier, as theMuh 

tiplicand 
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t? plicand is to theProdufty thcDlftance bet weca 
Unity and the Multiplier (hall be equal to 
the Diftance between the Multiplicand and 
the Produfr. Therefore, if there be taken 
G I = A C, the Produft. I K (hall be at I. 
And accordingly, if from O G, the Loga- 
rithm of the Multiplicand, there be taken G I 
or A C, there will remain O I, the Loga- 
rithm of the Produft. But A C =0 A — 
O C, which taken from O G, there will re- 
mainOG + OC — OA = OI, that is, if 
the Logarithm of the Multiplier and Mul- 
tiplicand be added together, .and from the 
Sum be taken the Logarithm ofUnity,(which 
is always exprefled by 10 or ioo with Cy- 
phers) the Logarithm of the Produft will 
be had. For Example, let the Decimal-Frafti- 
on o, 007 ?4 be to be multiplied by the Fraftf- 
on 0,000876 Set down 100 for the Index 
of the Logarithm of Unity, and then the 
Logarithms of the Fractions will be as in the 
Margin, which being added together, and 
the Logarithm of Unity being 
taken away from the Sum, the 978656961 
Remainder is the Logarithm 96,9425041 
of the Produtt, whofe Index 9 a, 94,808200* 
(hews that the firft Figure ot 
the Produft is in the fixth Place from Uiity, 
and fo there muft be five Cyphers prefixed, 
and then the Prod u ft will be .00000642984 
In Divifion the Divifor is to Unity, as 
the Dividend is to the Quotient; and fothe 
Diftance between the Divifor and Unity (hall 
be equal to the Diftance between the Divi- 
dend aod the Quotient. And fo if the Fracti- 
on 
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on I K be to be divided by D C, you muft 
take I G = C A, and the Place of the Quo. 
tient (ball be G. But C A = A-OC, 
which being added to O I, we have k\ 
OI-OCrrOG, that is, if the Logarithm 
of Unity be added to the Logarithm of the 
Dividend, and from the Sum be taken tfc 
Logarithm of the Divifor, there will ft 
main the Logarithm of the Quotient ; fo % 
the Number C D be to be divided by III 
frou muft take the Diftance C S = I A, d\ 
then S T , will be the Quotient, whofe Lop-, 
rithm is O A + O C — O J. Let CDfcl 
o. 34?, I K = o. 00478. Then add the If! 
garhhm of Unity to the Logarithm of CR 
that is, put 1 or 10 before ; 
the Index thereof, and from 19. 540}* 
that fubtraft the Logarithm 

of the tMvifor, and the Re. 

mainder will be the Lbga- 

. iithrn of the Quotient, whofe Index 1 1. M 

that the Quotient is between the NumM 

jo and 100 ;and I feek the Number anfwtf 

ing the Logarithm, which I find to bc# 

.349. If the Logarithm of a Vulgar-FraQi<ij 

for Example, i be required, ^ 

the Logarithm of Unity muft 10. 845* 

fee added to the Logarithm of p. 9Qi 

the Numerator 7, or which is 0. $42 

,*U one, you muft put 10 or 

,ioobcfore tbelndex thereof, and fubduft fi 

it the Logarithm of tjhe Deuofinn^tor 8, 

.them wwvmAn the Logarithm of tho V 

^ar-fi^aiqn ^ or the DwiiB^l $75 




L 
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If the Powers of apy Fra&ion D C be re. 
quired, you maft iffume E C, E G, G I; 1 1; 
each equal to A C ; £nd thei) E F win be the 
Square?, G H the Cube, and IK the Biqua- 
frate of the Number DC • for fhdy are, con-' 
tinually Proportional from Unify. Bcfides; 
AE=2AC = 2AO — 2 0C,whenceOE / 
= OA- AE±b2 0C — A O, that Is,' the* 
Logarithm of the Square is the! Double of 
the Logarithm of the Root, lefs the Log*-' 
ritfrm of Unity. In like Manner, fitice AG \ 

±= 3 ACrir 3 O A — 3 O C, we (hall havei 

og=o;a— ag=3 0C— 20a = 

the Logarithm of the Cube — triple the Lo- 
garithm of the, Btoof left the Double! of the 
Logarithm of Unity. Ifor thd lame Reafotv 
becaufe AI = 4AC=40A- 4'OC,we 
have O I = & O C — 3 O A, which is the 
Logarithm or.theBiquadrate. And univer- 
falty, if the Power of a Fra&ion be », and 
the Logarithm L, then (hall the Logarithm' 
pf the Powet n±± it L — ^» O A + O A, that 
&, if the Logarithm of a Fraftion be niulti-' 
plied by «, an^ from the Produft be takenf 
fhe Logarithm of Unity, milltiplkd by n — 
r, the Logarithm of the Power n of that 
Pra&ion will be had. _ r 

: For Example, if it is required to firtd the 
kh Power of the fra&ion -h =. 05 the Lo- 
garithm of this tfraftiori is 8. 69X9700, which* 
eing multiplied by 6; gives the Number $2. 
£38200 ; and if from ^2 the Number 50^ 
rhich is the Index of the Logarithm of Unity 
rawri info 5, be taken away, the Remainder 
ill be the Logarithm of the 6th Pfcwfcr, Hii' 

Q a- 
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2. 1^38200, to which the Number, 000006O- 
1 5625 anfwcrs. For the Index x (hews that 
7 Cyphers mutt be put before the firft Figutt, 
If the &h £ower of the FraJWoii, .05 be 
required, by multiplying the Logarithm by 
\ there will be produced 69+ 591j6po> #& 

ince 70, which is feven times the Tndel of 
the Logarithm of Unity, cannot be taken from 
6p f unlefs we run into, negative Numbers, 
the fndex of the Logarithm of Unity muff 
bc % fuppofed icg, and then the Index of the 
Logarithm of the Fraction will be $& Now 
this Logarithm drawn into j& gives 78^ 
ip\j6oOj and if 700, which is 7 times tac 
index pf the Logarithm of Unity be taken 
from 7$^ there will remain 8p, SSfvj(k6t 
the Logarithm ot the 8th Power of the frrafii- 
on T5> whofc correspondent Number is, 
/jogooooqoq 39062, for fince the Index is 8&! 
and die Difference thereof from 100 is 11 J 
the firft v fignificant Figure of the Fraftion 
(hall be in the 1 1 th Place from unity ; and' 
lb there muft 10 Cyphers be placed before it. 

. If the Roots of the towers of Fra&lons 
be defired, for Example, the Square Root 
of the Fradion £ F, becaufe the Root is k 
mean Proportional between the Fraction and 
Unity, you rauft bifeft A fe in C, and then CD 
will be the Square Root of the Fradion £ F. 

OA-OE j 

$utAC=?AE:=: — ^ t aadfoOCtheLog^ 

OA-J-dE 
rfthm of the ftoohdOA~AC=» ■ Ad 

if the Cube Boot of the Fnftkw G H be 

fought, 
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fought, this (hall be the firft of two mean 
-Proportionals between Unity and G H ; an# 
-i© if A f G be divided into three equal Farts, 
the firft of which is A C ; then CD (hall J* 
the %oot fought, and becaufe ACcn* AG 
OA—OG 

-, if thi^bctakep froni Q A, therc 



■> ■ ■ > 
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3 
rithra of th$ Cube fcx* of the FraQion G H. 
So like wife the Biquadrat Root of thcFrafti- 
on I K will be bad, by dividing A I into four 
cfluaL Parts, fgr theJloot is fhcgrft of three 

fiean Proportionals Jjerjween Unity .and, toe 
raftion, and coplfipquentjy if A C = $ A I, 
then win CD, be the Biquadrat Root of 

OA— OI 
the Fraction IK. But|AIi= -and Co 

4 
3OA+OI 
QC?=OA— »AC 



^^-«^ 



Ajad iu»iv«rJjally, ^ the Root of any Po,wer 
• pi the Fr&ion L M ?e required, tjie 
logarithm of the Root thereof wUl 
fPA-QA+QL 

, that is, if the Num. 






s.tar. » -" «. beiflcfa'd to the|ndex of thtLo. 

garithra, and the Logarithm thus augmented. 

be divided by *, the Quotient will give the 
. Lpgairithm, j6f toe Root fought. So if the 
1 Cube Root of the Fra&ipn -* or .5 be fought, 
/( ypu. njuft pjfte % & « .— * tfnft the Cube 

Q 2 Root 



V 



r .. 

m 0/LOQARITHMS; 

Root is required) before the Logarithm there- 
of, and there will be had 29, 698^760, a third 
Part of which is ^8996566, which is equal 
to the Logarithm of the Cube Root of tbp 
Frattion |, and the Number ,7937 anfwer- 
ing to this Logarithm* is the Root fought. 




^.7.,.- -=* /-v,-^ 




CHAP. IV. 

* . - t . . . — . t s 

Of the Golden Rule of Proportion hi \ 
'" .' " Logarithms, ; ! 

H E Rule of Proportion (hews hof , ' 
by having three Numbers given, i i 
fpurjthProportional to them may -, 

be found, vi$. if the fecond and 

third Terms be multiplied by 'one another, 
. and. the Produft divided by the firft Term; 
tJien will the Quotient be the fourth' Pro; 
Pptfional Term fought. Jtot this fourth 
Term is much eafier found by Logarithms ; 
for if the Logarithm of the firft Term 6e, 
taken from the Sum of the Logarithms o& 
the fecond and, third Term, the Number re. 
fflainin| will he the Logarithm of the fourth 
fought;' ' • ' ' > ■■• >•- ;.. ■•.;• . 

■•'irSLi^TO l edone ^thlng eaOer yev 
|f irfftead of the Logarithm of the firft Term 

feiSS "'5 Complement Arfthmctical, or, 
fh? Difference of that Ldgarfteni, and the 

""'* " ' '■' Number { 
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Number ip. 0009000, which is done by fet T 
ting down the Difference between each Fi- 
gure of the Logarithm, and. the Figure 9; 
for then if that ArithmetjcaLCpmplement be • ~ 
added to the Sum of the other two Loga- 
rithms, and if Unity, which is the firft Figure 
to the Left-Jiand, be taken from the Sum, 
the Remainder will be the Logarithm of the 
fourth Term fpught ; qnd fo by this way Lo- 
garithms of the Fourth Term is foypd by only 
one .Addition pf three Numbers. The Rea- 
fon of this will be manifeft from hence: Let 
there be three Numbers A, B, C, from which 
fhe ficft is to be taken from the Sum of the 
fecond and third. Now this may not qnfy 
be done by the common Way, but likewife, 
if there be any other third Number E, taken, 
ijnd from this there be taken A, there will 
remain E— 7 A, and if the lumbers B, C,and 
E -r- A be all added together, and from the|r 
Sum be taken E, there will remain B+ C— A. 
So if the Number 15 be to b^e taken from 
23, take the Complement of the Num- 
ber 15 to 100, which is 85, and add 85 
this Number tp 23, and the Sum will 23 
be 10$, from which 109 being taken, iq8 
there remains the Number 8. 

Efere follow fome Trigonometrical Exam- 
ples of the Rule of Proportion Iblv'd by Lo* 

jjarithmsr 

- Let A B C be a Right-lined Triangle, where* 
in arc given, the Angle A 36 Degrees 46V 
the Angle B 98 Degrees 32', and the Side 
B C 3478, the Side A C is required. S^y 
(by Cafe 1. of Plain Trig.) as the Sine of the 

Angle 
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Angle A is 

totheSine Arith.Comp.S>A. o. 22289$ 
of the An- Log. Shu B. 9. 9p5 *&fi 

;le B,fo is Log. B C* 3,. 5 r 4 1 3 *# 

5C to AC. Log. AC. 1 . 3 • 75? 3??e 

Andbccaufe 

the Logarithm Sipe of the Angle A is the 
<fir|t Term of the Analogy, 1 iubftitutc W 
tComplement-Arithpietical for the fame, and 
add the Logarithm of <BC, the Logarithm 
ef S, B,.and thefaid Complement.au ,thr« 
together, and re]e& Unity, .which is in the 
ifirft 'Place to the ^eft-Hand, and then tfw 
^Logarithm of the $ide AC wifi be given, 
jmd the Number anfwering thereto i$ 5706 
%p6 equal tp the. Side fought AC- 

Let there be a Xpherical Trianjgle A JHJ 
;}n which ate given ail the Sides, viz. BG 
•2= Jo Degrees, A B rr ,24 degrees 4', and 
A C =42 Degrees 8', thq Angle B ( is requi 
red. Lpt.BA be produced to }&, faihji 
BMrrBC, then will A M the Differene 
of the Sides B C, B A, be equal to j Degree 
j£'. £low (by Cafe 11. in Obliquc^anglc 
Spherical-Triangles ) fay, as the RcQaog] 
.under the Sines of the Lqjs,AB.BC. istoVfi 
Square of Radius, fo is theRe&angle under th 

AC + AM AC-AM 
" SipespftheArc s ^ ■ ■ . ■ ...», > . ■ .. . ■■■■ t o ^h 

2 • 2 

Square x>f the Sine of ,one r half the Angle 1 
AC-fAM ' ^AC— Al^ 

i3utr- **■ rrn^Dejgrecs^'^nd— : 

2 z 

5= 1 8 Purges # f and^nfe^he fic&Ifen 
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of the Analogy is the Re&angle under the 
Side of A B, B C, and fecond Term is the 
Square of Radius, the Sura of the Logarithm 
Sines of A B, B C, ra.uft be taken from double 
the Logarithm of Radios, afid what remains 
mud be added to the Sum of the Logarithm 

AC + AM AC— AM, 
Sy of v- . , •** & - *'»• ' • - ' i^hich to 

the lame as it the Logarithm Sines of ehch 
df tut Arcs A B, B G, were fubtra^d from 

theLog. 

Log. £, 6 CComp.Arith. 0.30 10299 of Radi- 

L^g.d,ABCotiip.Aritb t <;,}8^8364 u^orif 

AC + AM theGom. 

Log. S, • - — - 9.6098803 pfements 

2 Arith - 

AC — AM metical 

Log.S, — — — — 94923083 of theft 

2 Sin&W 

a.L6g.S,Aiiglek 15*^930549 t<fkeh,& \ 

the Com* 

plements and the faid Sines be all added to* 
gether ; then lhafl the Sum be the Logarithm 
of the Square of the Sine bf half the Angle 
B. And fo the half of the Logarithm 
9.8965274 is the Logarithm Side of half the 
Angle B = ji Degrees 59* &'\ and the 
Double of this Angle fliafi be 103 Degrees 
59', 5*"x:B l whkh was fought. 
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CHAP; V. 

Of the continual Increments of pro* 
portionql Quantities, anil how 

. tofmdby Logarithms any Term 
in a Series of . Proportionals, 
either increasing or decreeing. 
Fig. 3 . 

IF any where in the Axis of 
the Logarithtnical Curve, 
th'ere be taken any Number 6f 
equal Parts S V, V Y, Y a 
fefc and at the Points S, V, 
Y,Q, fcfc.be railed the Per, 
9 pendiculars ST,VX, Y Z, 
Q n, tfc. then from the Nature of the Carve 
fhafl all thefe Perpendiculars be continually 
proportional; and therefore affd the Continu- 
al Increments X x, Z z, ri *, mall be propor- 
tional to their Wholes: For firtce ST: VX:: 
VX':YZ:: Y Z: Qn, it (hall be (by Di- 
vifion of Proportion) ST: X * : : VX:£z: : 
Y Z: n x, and (by Compofition of Proportion) 
VX:Xx:: YZ:Zz::Qn:nT. Hence, 
if X x be any part of any Right Line S T, 
t&tn wftlZ z be the fame Part of the Right 
Line 
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Line V X, and alfo ri * the fahie Part of the 
Right-Linc Y ±. For Example j if X x be 
the £ Part of S t, then will Z i ±= ^ V X, 
and it* = t? Y Z ; or which conies to the 
fame, we (hall have V X±=S T+ i S T> 
YZtrsVX-W* VX. AlfoQnrdYZ 
4--LYZ. 

Now make, as S T is to V X, fo is Unity 
A B to N R ; then lhall A N — S V ; and 
fo each of the Right Lines S V, V Y, Y Q, 
Qc. (hall be equal to the Logarithm of R N 4 
and A V, the Logarithm of the Term V X 
(hall be equal to A S -f" A N = Logarithm 
of S t -f Logarithm of N R. Alfo A Y, the; 
Logarithm of the Term Y^Z, (hall be equal 
to AS + 2 A N = Logarithm S T -{- 1 Lo^. 
garithm N R, and A Q, the Logarithm of 
the Term Qn (hall beequal to A S + $ AN 
= Logarithm S T + 3 Logarithm N Ri 
And univerfally, if the Logarithm of the 
Number NR be multiplied by a Number, 
expreffing the Diftance of any Term from the 
firft, and the Produ£l be added to the Loga* 
fithm of the firft Term, then will the Loga- 
rithm of that Term be had : But if a Series 
of Proportionals be decrealing, that is, if the 
Terms diminifli in a continual Ratio, add Qrf 
be the firft Term ; then the Logarithm 
of any other will be had, in multiplying 
the Logarithm of the Number N R, by a 
Number that cxprefles the Diftance of it's 
term from the firft, and fubtrafting the pro. 
duft from the Logarithm of the firft. And 
if the faid Produft be greatet than the 
Logarithm Of the firft Term, beginning 
from Unity, then the Logarithms mud 

R begin 
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begin from a Unit in fome £lace of Decimal 
Fra&ions, as from O P, and then the Loga- 
rithm of the Number Qii will be OQ. 

Now let LM reprefent any Money, oi? 
Sum of Money put out to Intereft, fo that 
the Intereft thereof be accounted but at the! 
End of every Year, and let K k be the Gain 
or Intereft thereof at the End of the firft Year* 
then wiD I K be the Sum of the Intereft and 
Principal* And again, I K becoming the 
Principal at the End of the firft Year, H h 
which is proportional to I K,or in a conftant 
Ratio, wiD be the Gain at the end of the 
fecond Year ; and fo H G, at the End of the 
fecond Year, wiD become the Principal ; and 
at the end of the third Year ,F/, proportion 
nal to G H, will be the Gain. Now let us 
fuppofe the Principal be augmented every 
Year T * 7 Part thereof, fo that I K = L M 
4-lLM,GH=IK+^IK ) EFri 
GH+^GH, and fo on. And accordingly 
the Terms L M, I K, G H, E F, fcfc. conti- 
nual Proportionals, it is required to find the 
Amount of the Money at the End of any Num- 
ber of Years. 

Let L M be a Farthing* Becaufe L M is 
to I Kf as i to i + T v> or as i to i. 05, as 
A B is to N R, then will N R = 1. 65, whole 
Logarithm AN. is 0*0211893, or more ac- 
curately 0.02 1 1 892991, it is required to find 
the Amount of a Farthing put out at com- 
pound Intereft, at the End of 600 Years, mul- 
tiply A N by 600, and the Produft will be 
12*713 5794, arid to this Produft add the Lou 
ganthai of the Fraction <&& viz. ??. ©177288 
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(for a Farthing 4 is ^ Part of a Pound) and 
the Sum 109. 7313082 flialt be the Loga, 
rithm of the Number fought ; and fince the 
Index iq9 exceeds the Index of Unity by 9, 
there (hall be nine Places of Figures above 
"Unity in the carrefpondent Number, and that 
Number being fought in the Tables, will be 
found greater than 5385500000, and lefs than 
5386600000, And therefore a Farthing put 
out at Intereft upon Intereft, at 5 per £ent* 
per Annum, at the End of 600 Years will 
amount to above 5386500000 Pounds ; which 
Sum could hardly he made up by all the 
Gold and Silver that has been dug out of the 
Bowels of {he Earth, from the beginning qf 
the World to this Time. 

Let Qm expound any Sum of Money 
due to fome Perfon at the End of a fufi 
Year, but without Intereft. Now it is cer- 
tain, that if the Debtor ftiould pay down 
prefent the whole Sum of Money, he woukj 
lofe the yearly Ufury or Intereft that his 
Money would gain him ; and fo a lefler 
Sum, heing put out to Intereft, will at the 
End of one Year, together with the In. 
tereft thereof, be equal to the Sum of Money 
Q n. Now this prefent Sum of Money, 
which together with the Intereft thereof is. 
equal to the Sum of Money Qn, is called the 
prefent Worth of the Money Qn, Let A N 
be the logarithm of the Ratio, which the 
Principal has to the Sum of the Principal 
and Intereft, that is, if the Principal be twenty 
times the yearly Intereft, kt A N be the La- 
garithm of the Number 1 4- A <> r ** °h 
and take QI ?qual to A N ; thqn will A Y 
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be the Logarithm of the prefent Worth of 
Money Q n. for it i$ manifeft, that the Mo- 
ney Y % put out to Intereft, will at the End 
of one Yqr amount to the Money Qn, and 
fo to have the Logarithm of the prefent 
Worth thereof, or Y Z, the Logarithm A N, 
muft be taken from the Logarithm AQ, and 
there will remain the Logarithm A Y of 
the prefent Worth, or Y Z. Bu t if the Sum 
n Q be not due till the End of two Years, 
then the Logarithm 2 A N muft be flibtra&ed 
from the Logarithm A Q, and there win re- 
main A V, the Logarithm of the prefent 
Worth, or of the Sum that muft be paid 
down prefent for the Money Q n due at the 
End of two Years. For it is manifeft, that 
the Money V X being put out to Intereft, 
will at the End of two Years amount to the 
Sum of Money Qn. By the fame Reafon, if 
the Sum Q n, be not due until the End of 
three Years, the Logarithm 3 A N muft be 
fubtrafted from the Logarithm of Qn, and 
the Remainder A S, (hall be the Logarithm 
of the Number S T, or S T (hall be the pre. 
lent Worth of the Sum Q n due at the three 
Years end. A n( * univcrfally, if the Loga* 
rithm A N be multiplied by the Number of 
Years, at the End of which the Sum Qn is 
due, and the Number produced be taken from 
the Logarithm A Q, then will the Loga. 
rithm pf the prefent Worth of the Sum Q n 
be had. And from hence it is manifeft, if 
5386500000 Pounds be due to fome Society 
at the End of 600 Years, then would the pre- 
fent Worth of that vaft Sum of Money be 
flfareety a Farthing If 
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If the proportional Right Lines H G, 
E F, A B, C D, Fig. 4. are Ordinates to the 
Axis of the Logarithmical-Curve, and if their 
Ends FH,DB, be joined by Right Lines, 
which produced meet the Axis in the Points 
P and K, then the Right Lines G P, A K, . 
will be always equal. For fince G H : E F : : 
A B; CD.it will be as GH: F/::AB: 
D R. But becaufe of the equiangular Tru 
angles PGH,H;F, as alfo K A B, B R D, 
we have PG: Hi:: (GH: F/:: AB; 
D R : ;) K A : B R. And Once the Confe- 
quents Hi, BR, are equal, the Antecedents 
P G, R A, (hall be alfo equal. W. W. D. 

If the Right Lines CD, EF, equally accede 
to A B, G H, fo that the Point D at laft 
may coincide with B, and the Point F with 
H, then the Right Lines DBK, F H P, 
which did cut the Curve before, will be chan- 
ged into the Tangents BT, H V. And the 
Right Lines A T, G V, will be always equal 
to e^ch other, that is, the Portion of the 
Axis A T, or G V, intercepted between the 
Ordinate and the Tangent, which is called 
the Subtangent, will every where be a con- 
ftant and given Length. And this is one 
of the chief Properties of the Logarithmical 
Curve ; for the different Species or Forms of 
thofe Curves are determined by the Subtan- 
gents. 

The Logarithms or the Diftances from 
Unity of the fame Number, in two Loga- 
rithmical-Curves of different Species, will be 
proportional to the Subtangents of their 
Curves. For let H B D, S N Y, Fig. 4, 5. be 

Curves, 
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Curves, whofe Subtangents are AT, MX, 
an i let A B= M N = Unity ; alio D C= 
- Q Y, then (hall A C the Logarithm of the 
Number C D, in the Logarithmical-Curve 
H D be to M Q, the Logarithm of the Num. 
ber Q Y, ( or of the faid C D,) in the Curve 
S Y, as the Subtangent A T is to the Subtan- 
gent M X. For let there be fuppofed ao 
infinite Number of mean proportional Terms 
between A B, C D, or N M, QY> in the Ratio 
of A B to a b, or M N to m%\ and fincc 
AB— MN, then will ab=m?i, as alfo bc> 
znno* And becaufe the Number of propor- 
tional Terms in each Figure are equal, they 
do divide the Lines AC, MQ, into equal 
Numbers of Parts, the firft of which A 4> 
M m, and fo the faid Parts (hall be propor- 
tional to their Wholes, that is, it will be as 
A a : M m : : A C : M Q. And becaufe the 
Triangles TAB, B c b, are fimilar, (for the 
Part of the Curve B b nearly coincides with 
the Portion of the Tangent,) as alfo the 
Triangles X M N, Na», are fimilar, we 
have A a, or B c : b c : : TA; AB. 

Alfo as no % or bq ; No: : MN, or AB* 
JJX. ' \ 

Where (by Equality of Proportion) it wifl 
beB*: No 2: TA:MX::A4;Mr;AC^ 
M Q ; which was to be demonft rated. If AT 
be call'd a, fince AR: AT: \bc\Bc, theit 

axbc 
will B *—-£-£ 

Hence, if the Logarithm of a Number 
extremely near Unity, or but a fmafl matter 
exceeding it, be given, then will the Subtan^ 

gent; 
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gent of the Logarithmical-Curve be had* 
For tte Excefs be is to the Logarithm Be, 
as Unity A B is to the Subtangent AT. Or 
even if there are any two Numbers nearly 
equal, their Difference ihall be to the Differ- 
ence of their Logarithms, as one of the Num- 
bers is to the Subtangent. For Example ; 
if the Increment be be ,00000 ooqoo 00001 
02255 31945 60259, and Be or Aa the Loa 
garithm of the Number ab be ,00000 00000 
00000 44408 92098 50062. Now if a fourth 
Proportional be found to the laid two Nuiiu 
bers and Unity, viz. 43429 44819 03251, 
this Number will give the Length of th6 
Subtangent AT, which is the Subtangent o£ 
the Curve, expreffing Brigg's Logarithms. 

If a Sum of Money be put out to Intereft 
on this Condition, That a proportional Part 
of the yearly Rate of Intereft thereof, be ac- 
counted every Moment of Time, viz. fo, that 
at the End of the fir ft Moment of Time, or 
indefinitely fmall Particle of a Year, the Inte- 
reft gotten thereby, be proportional to that 
Time ; which being added to the Principal* 
again begets Intereft at the End of the fe- 
bond Moment of Time, and then the Prin-. 
tipal, and this Intereft become a Principal, 
ind fo on. It is requir'd to find the Amount 
»f that Sum at the Year's End. Let a be 
aearly the Intereft of Unity, or of one Pound, 
rhen if one whole Year, or 1 gives the In- 
tereft 4, the indefinitely fmall Particle of a 
fear Mm f will give the Intereft MmXa, 

Eoportionai to Mm ; and accordingly, if 
nity be expounded bj M N, the firft In- 
crement 
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cremcnt thereof (hall be no£±Mmxa. Thll 
being granted, let a Logarithmical Curve bq 
fuppos'd to be defcribed through the Point! 
N », whofe Axis is O M Q. Then in thbi 
Curve, if the Portion of the Axis M Q ct 
preffes the Time, the ordinate Qy will r&, 
prefent the Money proportionally increafing 
every Moment, to that Time, For if there 
be taken ml, &c— Ma*, the Ordinates lf f 
&c. (hall be in a Series of Continual Propor- 
tionals in the Ratio of M N to m », that is> 
they increafe in the fume Ratio, as the Mo* 
ney doth. 

Again, let the Right-Line NX touch the 
Logarithmical-Curve in N, and the Subran- 
ge nt thereof M X, (hall be conftant and in- 
variable, and the fmall Triangle No n, (hall 
be fimilar to the Triangle XMN. But it 
has been prov'd, that the Increment ncczMm* 
XaznNoxa ; and fo no: No : : N oxa: 
No : : a : i. But as no is to N 0, fo (hall 
N M be to M X. Wherefore it (hall be as 
a is to 1, fo is NM, or 1, to MX^j 

= SuBtangent. 

Now if the yearly Rate of Intereft be -fc 
part of the Principal, Or if *= iVzz.os, 
then wiU MX=i=20. 

Becaufe in different Forms of Logarithms, 
the Logarithms of the fame Number, are 
proportional to the Sub tangents of their 
Curves : If M Q exprefies the Time of a 
whole Year, or Unity, then (hall Q ¥ be the 
Amount of the Money at the Year's End 
And to find Q Y, fay, as M X, or 20 is to 
04342944, (which Number expounds the 

Subtacu 
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L Subtangcnt of the Logarithmical-Curve, ex- 
, prcffing Brigg's Logarithms) fo is one Year 
or Unity to a Briggian Logarithm, anfwer- 
ing to the Number QY. This Logarithm 
will be found o. 02 17 147, and the Number 
anfwering to the fame is i.o$i27:=QY f 
whofe Increment above Unity, or the Prin- 
cipal, exceeds the yearly Intereft ,05 but a 
frhall matter. And fo if the yearly Intereft 
pf 100 Pounds be 5 Pounds, the proportio- 
nal yearly intereft, which is added to the 
Principal 100, at the end of each Particle 
of the Year, will amount only at the Year's 
End to 5 Pounds, 2 Shillings and 6 £ Pence. 
And if fuch a Rate of Intereft be requir'd, 
that every Moment a Part of it continually 
proportional to the increafing Principal, be 
added to the Principal, fo that at the Year's 
End, an Increment be produc'd, that (hall be 
any given Part of the Principal, for Examj 
pie, the -< Part, fay, as the Logarithm of 
the Number 1.05 is to 1 ; that is, as 
q. 621 1893 is XX) 1, fo is the Subtangent 
0.4342944 to j = 20. 49, and then will 

4rr?o'4? , = *0488. For if fuch a Part of 
the Rate of Intereft .0 488 be fuppofed as 
anfwers to a Moment, that is, having the 
fame Ratio to .0488, as a Moment has to a 
Year* and it be made, as Unity is to that 
Part of the Rate of Intereft, fo is the Prin- 
cipal to the Momcntaneous-Increment there- 
of ; then will the Money continually increa- 
fing in that manner, be augmented at the 
Year's-End the £3 Part thereof. ' . 

S CHAP. 
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Of the Method By which Mr. 
BriggV computed his Logo* 
rithmsj and the Demonftration 
thereof. 

LTHO' Mr. Briggs has no 

where defcrib'd the Logarithmi- 

cal-Ciirve, yet it is very certain, 

_ that from the life and Contem. 

Elation thereof, the Manner and Reafon of 
is Calculations will "appear. In any Loga- 
rithmical-Curve HBD, let there be three 
Ordinates A B, a b, q j, nearly equal to one 
another ;,that is, let their Differences have 
a very firiafl Ratio to the faid Ordinates ; 
and then the Differences of their Logarithm J 
will be proportional to the Differences of 
the Ordinates. For fince the Ordinates are 
nearly equal to one another, they will be very 
nigh to each other, and (b the Part of the 
Curve B /, intercepted by them, will aimoft 
coincide with a ftrait Line ; for it is cer- 
tain, that the Ordinates may be Fo ne&r to 
each other, that the Difference between the 
Part of the Curve, and the Right-Line fuk 
tending it, may have to that Subtenfe, a 
Ratio Tefs thaa any given Ratio. Therefore 

tfac 
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the Triangles B c b, B r /, may be taken for 
Right-lin'd, and will be Equiangular. Where- 
fore, as s r : be : : B r : Be : : A q : A * ; 
that is, the Etfceffes of the Ordinates, or 
Lines above the ieaft, (hall be proportional 
to the Differences of their Logarithms. And 
,from hence appears the Reafon of the Cor- 
rection of Numbers and Logarithms, by Dif- 
ferences *md proportional Parts. But if AB 
be Unity, the Logarithms of Numbers (hall 
be proportional to the Differences of the 
Numbers. 

If a mean Proportional be found between 
i and io, or which is the fame thing, if the 
Square-Root of 10 be extracted, this Root 
or Number will be in the middle Place be- 
tween Unity and the Number 10, and the 
Logarithm thereof (hall be I- of the Loga- 
rithm of 10, and fo will be given. If again, 
between the Number before found, and Uni- 
ty, there be found a mean Proportional, 
which may be done in extra&ing the Square- 
Root of the faid Number, this Number or 
Root will be twice nearer to Unity than the 
former, and its Logarithm will be one half 
of the Logarithm of that, or one fourth of 
the Logarithm of 10. And if in this Man- 
ner, the Square-Root be continuaDy extract- 
ed, and the Logarithms bifefted, you will at 
laft get a Number, whofc Diftance from UnU 

i 

ty, (hall be lefs than the i ooooo ooooo ooooo 

part of the Logarithm of 10. And after 
Mr. Briggs had made 54 Extractions of the 
Square-Root, he found the Number 1.90000 

S z ooooo 
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oooooooooo 1 278 1 91493 20032 3442, and 
its Logarithm was 0.000000000000000,05551 
1 15123 125782702. Suppofe this Logarithm 
to be equal to A q or Br, and let q s be the 
Number found, by extrafting the Square- 
Root ; then will theJExcefs of this Number 
above Unity, viz. r $ =,00000 00000 0000a 

1 2781 91493 20032 34. 

Now by means of thefe Numbers, the Lo- 
garithms of all other Numbers, may be found 
in the following Manner : Between the given 
Number (\Vhofe Logarithm is to be found) 
and Unity, find fo many mean Proportionals, 
(as above,) till at laft a Number be gotten fo 
little exceeding Unity, that there be 15 Cy- 
phers next after it, and a like Number of 
fignificant Figures after thofe. Let this 
Number be a b, and let the fignificant Fi- 
gures, with the Cyphers prefixed before them, 
denote the Difference b c. Then fay, As the 
Difference r /, is to the Difference b c, fo is 
Bra given Logarithm, to B c y or A 4, the 
Logarithm of the Number ab% which there- 
fore is given. And if this Logarithm be 
continually doubled, the fame Number of 
Times, as there were Extractions of the 
Square-Root, you will at laft have the Lo- 
garithm of the Number fought, Alfo by 
this Way, may the Subtangent of the Loga- 
rithmicai-Curve be found, viz. in faying, As 
r s: Br:: AB, or Unity : AT, the Subtan- 
gent, which therefore will be found to be 
0.43429 44819 03251 ; by which may be 
found the Logarithms of other Numbers ; 
to wit, if any Number N M be given after- 
wards, 
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wards, as alfo its Logarithm, and the Loga- 
rithm of another Number fufficiently near 
to N M be fought, fay, As N M is to the 
Subtangent X M, fo is n the Difference of 

; the Numbers to N the Difference pf the Lo- 
garithms. Now, if NM be llnity— AB, 
the Logarithms will be had by multiplying 
the fmall Differences be by the conftant Sub r 

1 tangent A T. 

By this Way may be found the Loga- 
rithms of 2, 3, and 7, and by tfrefe the Lo- 
garithms of 4, 8, 16, 32, 64, fcfc. 9, 27, 8r, 
243, fcfc. as alfo 7, 49, 343, (ffc. And if 
from the Logarithm of 10, be taken the Lo- 
garithm of 2, there will remain the Loga-, 
rithm of 5, fo there will be given the Loga- 
rithms of 25, 125, 625, Cjfr. 

The Logarithms of Numbers compounded 
of the aforefaid Numbers, viz. 6, 12, 14, 15, 
18, 20, 21, 24, 28, tfc. are eafily had by 
adding together the Logarithms of the com- 
ponent Numbers. / 

But fince it was very tedious and labori- 
ous, to find the Logarithms of the Prime- 
Numbers, and not eafy to compute Loga- 
rithms by Interpolation, by firft, fecond and' 
third, ffc. Differences, therefore the great 

> Men, Sir Ifaac Newton, Mercator, Gregory, 
WaUtSy and laftly, Dr. HaUey, have publilhed 
infinite converging Series, by which the Lo- 
garithms of Numbers to any Number of Pla- 
ces, may be had more expeditioufly and truer : 
Concerning which Series, Dr. HaBey has writ- 
ten a learned Traft, in the FbilofopbieaL 
Tranfaftionst wherein he has demonftrated 

thoft 
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thofe Series after a new Way, and fliews how . 
to compute the Logarithms by them. But : 
I think it may be more proper here to add • 
a new Series, by means of which may be * 
found eafily and expeditioufly, the Loga- ; < 
rithms of large Numbers. 

Let z be an - odd Number, whofe Loga- 
rithm is fought ; then fl#H the Numbers 
z — 1 and z-f-i be even, and accordingly 
their Logarithms, and the Difference of the 
Logarithms wiD be had, which let be called j : , 
Therefore, alfo the Logarithm of a Number, - 
which is ,a Geometrical-Mean between z — 1 * 
and z -(- 1 will be given, viz. equal to the 
halfSuiji of the Logarithms. Now the Scries j 

^ X 4^' r 24z 5 " r 36oz , " r i5i2dz 7-r 252oo^ ir f 
ihall be equal to the Logarithm of the Ra- ' 
tio, which the Geometrical-Mean between I 
the Numbers z — 1 and z+i, has to the 
Arithmetical-Mean, viz. to the Number z. 
If the Number exceeds 1000, the firft Terra 

y 

of the Series ~ is fufficient for producing 

the Logarithm to 1 3 or 14 Places of Figures, 
and the fecond/Term will give the Logarithm 
to 20 Places of Figures. But if z be great- 
er than ioooo,the firft Term will exhibit the 
Logarithm to 18 Places of Figures ; and fo 
this Series is of great Ufe in filling up the 
Logarithms of the Chiliads omitted by 
JMgg*. For Example ; It is required to 
find the Logarithm of 20001. The Loga- 
rithm of toooo is the fame as the Logarithm 
*f 2,'With the lodex 4 prefix'd to it ; and 

the 
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the Difference of the Logarithms of 2ooo< 
and 20002, is the fame as the Difference o 
the Logarithms of the Numbers 19000 anc 
10001, viz. 0. 00004 34 2 7 2 7*587- And I 
this Difference be divided by 42, or 80004, th< 

Quotient ^ftaii be-:- 0.00000000054281; 
And if the Logarithm 44010; 1709302416 
of the Geometrical- 4.30105 1709845230 
Mean be added to the 

Quotient, the Sum will be the Logarithm 
of 20001. Wherefore it is manifeft, that to 
have the Logarithm to 14 Places of Figures, 
there is no Neceffity of continuing out the 
Quotient beyond Ox Places of Figures. But 
if you have a Mind to have the Logarithm 
to 10 Places of Figures only, as they are in 
Vlactfs Tables, the two firft Figures of the 
Quotient are enough. And if the Loga- 
rithms of the Numbers above 20000, are to 
be found by this Way, the Labour of doing 
them, wifl moftly confift in fetting down the 
Numbers. Note, This Series is eafily dedu- 
ced from that found out by Dr. HaBty ; and 
thofe who have a mind to be inform'd more 
in this Matter, let them confult his above- 
nam'd Treatife. 
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R. 
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Cos. 
T. 

Cot. 

V. s. 
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• ory" 
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by 4« 6 ; 
W. W. D. 
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Aftrf, or to be added to 
Lefs, or to be fubtrafted from" 
Equal to 
Multiplied by 

a divided by b 

a is to b, fo is c to d 
Degtees, Minutes, Seconds, Thtrdi 
52 Seconds j 44 Thirds, 3 Fourths 

Radius, or Sine of 57b Degrees 

Cb/?«*, or £/'«* of the Complement 

Tangent 

Cotangent, or .7<Mgtjtf of the Complement* 

Verfed^Sine " * 1 * ; 

ty^r* Ei.oot 

Cafo of A. or ifh Power of & 

Cube Root, or Biquadrate Root (Euclid 

by the 4** Fropofition of the 6rf> Book of 

p£fV&- bw to be demonftratedov done 

North or South 

Aries or X/^r/a 

Cancer or Capricorn 

Sun or ikfowsr. - ,■ : - * 
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